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1. Introduction  

There are different ways to determine the modeling parameters of a vehicle with 4-wheels [1-2], 

from its mathematical and computational modeling to being validated in a prototype or real vehicle 

[3], which can be standardized based on the dynamics and kinematics [4, 5] of the road vehicle. The 

main problem is the complexity of controlling the longitudinal movements (forward and/or backward) 

when the vehicle is in an inclined position and in operational mode. For this solution, a proper study 

is needed to define the specific parameters that directly influence the longitudinal modeling of a 4-

wheel traction vehicle. 

This paper aims to develop a mathematical model (represented in a computational way) that 

describes the kinematic and dynamic [6] model influenced by the position or movement longitudinal 

of the vehicle with 4-wheel drive in order to be used in real-time simulations to test and validate 

strategies of control [7-8]. In this introductory step, the vehicle model with a 4-wheel drive is presented 

through the Matlab®/Simulink® software, specifically, the Simulink® application [9], aiming at the 

application of this model in a parallel automatic parking system [10, 11, 12]. In order to be successful 

in this application, it is necessary to test and validate the vehicle model with the 4-wheel drive since 

it provides better accuracy and precision in the control strategy [13-15].  
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The papers with themes related to the proposed theme cited throughout this research present 

implicit diagrams for validation of the longitudinal modeling of a vehicle, i.e., they present only one 

diagram with input, transfer function, and output, and then show results:  

However, the great differential of this paper in relation to the others cited throughout this research 

is due to the fact that it presents in a clear way the longitudinal modeling of the 4-wheeled vehicle 

through the sub-diagram (Fig. 1) with all elements used to test and validate the longitudinal modeling 

and is described the function of each block (Table 1) of the sub-diagram; allowing the reader an easy 

reproduction with the desired parameters to validate their project in the industry or for academic 

purposes.  

As an innovation, this paper highlights/shows the proper control of the 4-wheeled vehicle 

operation from longitudinal modeling based mainly on the engine angular velocity range, 

recommended for performing automatic parking maneuvers with speeds of (5-30km) even considering 

inclination during vehicle displacement, without defining or integrating any auxiliary controller such 

as PID, MPC, and others during computer simulations. 

Two key contribution steps of this research/paper stand out: The first step is: Test the vehicle 

model with 4-wheel drive in the computational form [16-17], this being the objective of the work. The 

second step (for later work): Validate it on a platform/simulator (Hardware in the Loop). However, 

these modeling steps (testing and validation) are necessary for the vehicle system to achieve optimum 

performance and handling safety, in addition to reducing implementation costs [18-19]. 

The mathematical model (represented in a computational way through the Simulink® application) 

respectively, its blocks provide inputs and outputs that determine the vehicle system as a whole [20-

21], as shown in Fig. 1.   

 

Fig. 1. A computational model of the vehicle with 4-wheel drive 

Each block used in the model of the vehicle (Fig. 1) is described in Table 1. The configuration or 

modeling of the vehicle system blocks was developed through the software Matlab®/Simulink® [23] 

to present computational simulations closer to reality [24-25]. 

This proposed paper has the following structure: 1. Introduction; 2. Mathematical Model of the 

Vehicle with Traction in 4-Wheels; 3. Calibrations Parameters; 4. Additional Parameters to 

Calibrating the 4-Wheel Vehicle; 5. Results; 6. Final Considerations.  
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Table 1.  Description and illustration of the blocks used in vehicle modeling 

Component Name Descriptions 

 

Signal builder Create and generate interchangeable groups of signals whose waveforms 

are piecewise linear. 

 

Go to Send signals from blocks that have the specified tag. 

 

Vehicle body Represents a two-axle vehicle body in longitudinal movement. The 

block accounts for body mass, aerodynamic drag, road incline, and 

weight distribution between axles due to acceleration and road profile. 

 

 

Constant Output the constant specified by the constant value parameter if a 

constant value is a vector and interpret vector parameters as 1-D is on, 

treat the constant values as a 1-D array. 

Constant of slip, assigned to each tire respectively. 

 

Tire (Magic 

formula) 

Represents the longitudinal behavior of a highway tire. The block is built 

from Tire-Road Interaction (Magic Formula) and SimscapeTM 

Foundation Library Wheel and Axle blocks. Optionally, the effects of 

tire inertia, stiffness, and damping can be included. 

 

Tire (Magic 

formula) 

Represents the longitudinal behavior of a highway tire. The block is built 

from Tire-Road Interaction (Magic Formula) and SimscapeTM 

Foundation Library Wheel and Axle blocks. Optionally, the effects of 

tire inertia, stiffness, and damping can be included. 

 

Tire (Magic 

formula) 

Represents the longitudinal behavior of a highway tire. The block is built 

from Tire-Road Interaction (Magic Formula) and SimscapeTM 

Foundation Library Wheel and Axle blocks. Optionally, the effects of 

tire inertia, stiffness, and damping can be included. 

 

Tire (Magic 

formula) 

Represents the longitudinal behavior of a highway tire. The block is built 

from Tire-Road Interaction (Magic Formula) and SimscapeTM 

Foundation Library Wheel and Axle blocks. Optionally, the effects of 

tire inertia, stiffness, and damping can be included. 

 

Scope Displays input signals with respect to simulation time. 

 

Rear Differential This block represents a differential arranged like a planetary bevel gear 

train equipped with an additional bevel gear transmission between the 

transmission shaft and the support. The pinion gear of this transmission 

is attached to the transmission shaft, while the large bevel gear is 

attached to the support. No conformity is modeled on this block. It can 

optionally include inertia and losses due to gear gears and viscous 

friction of the bearing. 

 

Front Differential This block represents a differential arranged like a planetary bevel gear 

train equipped with an additional bevel gear transmission between the 

transmission shaft and the support. The pinion gear of this transmission 

is attached to the transmission shaft, while the large bevel gear is 

attached to the support. No conformity is modeled on this block. It can 

optionally include inertia and losses due to gear gears and viscous 

friction of the bearing. 

 

 

Driveshaft Inertia The block represents an ideal rotational mechanical inertia. It has a 

mechanical rotational conservation door. The block's positive direction 

from its door to the reference point is considered. This means that the 

inertia torque is positive if the inertia is accelerated in the positive 

direction. 
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2. Mathematical Model of the Vehicle with Traction in 4-Wheels 

For the mathematical model of the vehicle with 4-wheel drive [26, 27], the dynamics and 

movement [28] parameters of the vehicle are considered, with the restriction or limitation that the 

vehicle does not move vertically in relation to the ground [29], as shown in Fig. 2. The main variables 

presented in Fig. 2 are described in Table 2. 

 

Fig. 2. Wheel drive vehicle dynamics and movement 

Table 2.  Main variables of the mathematical model 

Variables Descriptions  

𝑔 Gravitational acceleration 

 𝛽 Incline angle  

𝑚 Mass of the vehicle  

ℎ Vehicle center of gravity (CG) height above ground 

𝑎, 𝑏 Distance between the front and rear axles, respectively, from the normal projection point of the 

vehicle's CG on the plane of the common axis 

𝑉𝑥 Vehicle speed. When 𝑉𝑥 > 0 the vehicle moves forward. When 𝑉𝑥 < 0, the vehicle moves 

backward. 

𝑉𝑤 Wind speed. When 𝑉𝑤 > 0, the wind is the opposite. When 𝑉𝑥 < 0, the wind is tail. 

𝑛 Number of wheels on each axle 

𝐹𝑥𝑓 ,   𝐹𝑥𝑟     Longitudinal forces on each wheel at the front and rear ground contact points, respectively 

𝐹𝑧𝑓 ,   𝐹𝑧𝑟     Normal load forces on each wheel at the front and rear ground contact points, respectively 

𝐴 The effective front cross-sectional area of the vehicle 

𝐶𝑑 Aerodynamic drag coefficient 

𝜌 The mass density of air 

𝐹𝑑     Aerodynamic drag force 

 

Gearbox/Simple 

Gear 

This block represents a fixed-ratio gear or gearbox. No inertia or 

compliance is modeled on this block. It can optionally include gears and 

viscous bearing losses. 

 

Torque Converter This block represents a three-part torque converter that has an impeller, 

turbine, and stator. The model is only valid for positive impeller speeds 

but supports the simulation of driving modes (energy flowing from the 

impeller to the turbine) and inertia (energy flowing from the turbine to 

the impeller). 

 

Engine/Generic 

Engine 

This block represents a system-level model of spark ignition and diesel 

engines specified for use at initial modeling levels when only basic 

parameters are available. Optional idle and red line controllers are 

included. 

 

Mechanical 

Rotational 

Reference 

This block represents a given mechanical rotation reference point (a 

frame or a floor). Use it to connect mechanical rotational doors that are 

rigidly attached to the structure (ground). 

 
From Receives signals from the Go to block with the specified tag. 

 

Solver 

Configuration 

Defines the solver settings to use in the simulation. 
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The longitudinal forces [30, 31] of the tire move the vehicle backward or forwards. The movement 

of the vehicle is the result of the sum of all the forces and torques that act on the vehicle [32-34]. The 

vehicle's center of gravity (CG) allows the weight mass gravity (𝑚𝑔) to be active, depending on the 

angle of inclination (𝛽) the weight has the ability to pull the vehicle to the ground, as well as to pull 

back or forward [35, 36]. The aerodynamic resistance slows the vehicle in terms of movement [37, 

38], regardless of whether it moves backward or forwards. In [39], it is determined that the 

aerodynamic drag force (𝐹𝑑 ) acts on the center of gravity (CG) starting from the second law of Isaac 

Newton, according to Equation 1. 

 𝑚�̇�𝑥 = 𝐹𝑥 − 𝐹𝑑 − 𝑚𝑔 𝑠𝑖𝑛 𝛽 (1) 

where (𝑉𝑥) indicates the acceleration in relation to the axis (x), that is, the dynamics of the speed and 
(𝐹𝑥 ) is the longitudinal force of the axis (x), which can be calculated [39-41] according to Equation 

2. 

 𝐹𝑥 = 𝑛(𝐹𝑥𝑓 + 𝐹𝑥𝑟) (2) 

The aerodynamic drag force (𝐹𝑑) is calculated [42, 43] using Equation 3. 

 𝐹𝑑 =
1

2
𝐶𝑑𝜌 𝐴 (𝑉𝑥 + 𝑉𝑤)2 𝑠𝑔𝑛 (𝑉𝑥 + 𝑉𝑤) (3) 

Zero pitch torque and normal zero acceleration determine the normal forces for each wheel, 

respectively. The normal force (𝐹𝑧𝑓) on each front wheel [44, 45] is described by the following 

Equation 4. 

 𝐹𝑧𝑓 =
−ℎ(𝐹𝑑 + 𝑚𝑔 sin 𝛽 + 𝑚�̇�𝑥) + 𝑏 𝑚𝑔 cos 𝛽

𝑛(𝑎 + 𝑏)
 (4) 

The normal force (𝐹𝑧𝑟) on each rear wheel [45] is described by Equation 5. 

 𝐹𝑧𝑟 =
ℎ(𝐹𝑑 + 𝑚𝑔 sin 𝛽 + 𝑚�̇�𝑥) + 𝑎 𝑚𝑔 cos 𝛽

𝑛(𝑎 + 𝑏)
 (5) 

However, the sum of normal forces [45, 46] is calculated using Equation 6. 

 𝐹𝑧𝑓 + 𝐹𝑧𝑟 = 𝑚𝑔 
cos 𝛽

𝑛
 (6) 

In [46-49], the throwing dynamics originate from the inclination rate (𝛼) that occurs during the 

acceleration of the vehicle depending on three torque elements and the vehicle's inertia, according to 

Equation 7.  

  𝛼 =
(𝑓 ℎ) + (𝐹𝑧𝑓𝑎) − (𝐹𝑧𝑟𝑏)

𝑗
 (7) 

Being (𝑎) the pitch rate; (𝑓) longitudinal force; and (𝑗) inertia, this mathematical modeling is 

inserted into the vehicle body block, allowing only the longitudinal dynamics to be modeled, oriented 

during the direction of movement parallel to the ground [50, 51]. The vehicle is guaranteed to be in 

normal and inclined balance. Through SimscapeTM (application of the Simulink® environment) [52, 

53], it is possible to explore and manipulate the variables of each block as well as the generation of 

their figures, from the input of physical signals to the output of physical signals from the vehicle 

system as a whole. The vehicle body block does not model lateral movement, and the equations ensure 

that the wheels do not lose contact with the ground.  
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3. Calibrations Parameters 

The physical input signals (signal builder) are valid only for the movement or longitudinal position 

of the vehicle body [54, 55], considering that the steering wheel of the vehicle remains straight 

(parallel to the road) for the set of vehicle pedals, the acceleration is determined as the input only [56]. 

In addition, the minimum longitudinal force (𝐹𝑥) required to brake the vehicle, can be calculated from 

Equation 1. 

The major three physical input signals (slope, wind, accelerator) [57] are defined with the 

following values proposed in Table 3. Fig. 3 shows the graphs corresponding to the input signals 

described in Table 3.  

Table 3.  Input signal parameters and descriptions 

Descriptions Values Units 
Incline 15 (°) 

Wind 0 𝑚/𝑠 

Throttle 0.4 𝑚/𝑠2 

 

 
Fig. 3. Physical input signals of the three parameters considered 

3.1. Vehicle Body 

The vehicle body subsystem [58] presents a diagram with its main variables and task assignments, 

as shown in Fig. 4. The variables that make up the vehicle body subsystem diagram are detailed in 

Table 4. Some variables of vehicle body subsystems can be added or simplified to meet the desired 

design [58-59].  

 
Fig. 4. Vehicle body subsystem 

Table 4.  Variables of vehicle body subsystem 

Variables Descriptions Units 
H Mechanical translational conservation door linked to the 

horizontal movement of the vehicle body 
𝑚 

V Vehicle speed 𝑚/𝑠 

NR Normal rear-wheel forces 𝑁 

NF Normal front wheel forces 𝑁 

w Headwind speed 𝑚/𝑠 

b Inclination angle   (°) 
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4. Additional Parameters to Calibrating the 4-Wheel Vehicle   

For the calibration of the 4-wheel vehicle, it was determined some variables that support a real-

time simulation [59] are not far from reality, as described in Table 5. After the calibration parameters 

are added, the system response (results) is represented in graphical form. 

Table 5.  Additional parameters for vehicle calibration [59, 60] 

Descriptions Values Units 
Beta (b) 15 (°) 

Engine rotation 800 𝑅𝑃𝑀 

Driveshaft inertia 12 𝐾𝑔𝑚2 
Lateral inertia  4.1290 𝐾𝑔𝑚2 

Mass of the vehicle 1500 𝐾𝑔 

Wheel radius 0.4046 𝑚 

Tire damping 1000 𝑁/(𝑚/𝑠) 

Tire stiffness 200000 𝑁/𝑚 

Ratio differential constant 2 -- 

5. Results and Discussion 

After considering the values in Table 3 and Table 5, respectively, the three physical output signals 

of the system are shown, highlighted as car speed, engine speed, and acceleration [60], according to 

Fig. 5.  

 
Fig. 5. Physical output signals of the three parameters considered (1) 

The outputs of the physical signals from the vehicle system can also be considered the normal 

force of the front wheels (NF) and the normal force of the rear wheels (NR), as shown in Fig. 6, 

respectively. 

 
Fig. 6. Normal forces NF and NR, respectively (1) 

Normal forces are valid when the vehicle's wheel comes into contact with the ground, i.e., when 

the total weight of the vehicle is considered during longitudinal movement.  
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5.1. Change in Calibration Values 

For the second simulation, it is necessary to change the values of engine speed, vehicle mass, and 

wheel radius (the radius of the wheels is unchanged, as well as the other items in Table 5). As described 

in Table 6, the physical input signals remain unchanged. Fig. 7 shows the graphical behavior of the 

output of the three physical signals. 

Table 6.  Change in calibration values [13, 31] 

Descriptions Values Units 
Engine rotation 2500 𝑅𝑃𝑀 

Mass of the vehicle 1800 𝐾𝑔 

Wheel radius 0.4046 𝑚 

 

 

Fig. 7. The three output signals from the second calibration (2) 

The outputs of the physical signals from the vehicle system can also be considered the normal 

force of the front wheels (NF) and the normal force of the rear wheels (NR) are shown in Fig. 8, 

respectively. Normal forces are valid when the vehicle's wheel comes into contact with the ground, 

i.e., when the total weight of the vehicle is considered during longitudinal movement. 

 

Fig. 8. Normal forces NF and NR, respectively (2) 

Fig. 3 shows the three physical input signals for modeling the vehicle with a 4-wheel drive. The 

dynamics of the 4 tires were determined as a magic formula type. Table 3 shows the primary 

calibration parameters considering as complete some additional parameters for the vehicle calibration 

proposed in Table 5. As a result, 3 output signals are generated (vehicle speed, angular speed, and the 
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engine accelerator), as shown in Fig. 5. It is shown in Table 6 altered data from the second calibration 

for comparison purposes, which generates Fig. 7 consisting of the three physical output signals 

(vehicle speed, angular speed, and the engine accelerator). 

Note that in the first calibration (results in Fig. 5), considering the vehicle at a (15°) inclination 

(from front to rear position), the vehicle rolls (descends) with an approximate speed of (16 k𝑚/ℎ). 

The angular speed of the engine is 1550 RPM which quickly manages to attend the intervention of 

the opposite movement of the vehicle rolling, that is, after operating the pedal with an acceleration of 

(0.4 𝑚/𝑠2) it produces an angular speed of the engine that covers the transmission and differential to 

the tires, which allows the vehicle to move longitudinally, and the normal force of the vehicle is greater 

than the opposite force, the output of the angular speed is above the exit or entry of the accelerator. 

In the second calibration (values in Table 6) of the vehicle (results in Fig. 7), considering the 

vehicle at an inclination of 15° (from front to rear position), the vehicle rolls (descends) with an 

approximate speed of (11 𝑘𝑚/ℎ). The angular speed of the engine is 1500 RPM and cannot prevent 

or overcome the opposite movement of the vehicle rolling, that is, after operating the pedal with an 

acceleration of (0.4 𝑚/𝑠2) it produces an angular speed of the engine that covers the transmission 

and differential up to the tires, which allows the vehicle to move longitudinally, and the normal force 

of the vehicle is less than the opposite force, the angular speed output is below the accelerator exit or 

entry.  

The Matlab®/Simulink® software consists of a library described as a SimulinkTM library browser 

where the blocks in Table 1 can be explored in detail and provide enough information to calibrate the 

desired system. For the generation of graphs or figures of each block in the modeling of the vehicle 

with a 4-wheel drive, the integrated library described as SimscapeTM results explorer (Fig. 1) is 

responsible for generating each one in detail. 

In Fig. 6, the normal forces of the front and rear wheels are illustrated, respectively, considering 

the primary calibration values of Table 3 and Table 5 (additional parameters). In Fig. 8, the normal 

forces of the front and rear wheels are illustrated, respectively, considering the secondary calibration 

values in Table 6 and Table 5 (some additional parameters). Fig. 6 shows a lower result compared to 

Fig. 8. This is due to the fact that the rotation of the vehicle's engine is less than the mass of the vehicle, 

leading the vehicle system to a longer response time or recognition of the wheels on the ground. The 

result of Fig. 8 is the opposite. The vehicle's engine rotation exceeds the vehicle's mass, which results 

in quick recognition of the vehicle's wheels on the ground. 

Unlike the results presented in the articles [7, 13, 18, 20, 29, 32, 41, 42, 51], this paper presents a 

sequence of results during the analysis of the internal combustion engine performance, normal front 

and rear wheel forces with comparative changes of real vehicle parameters (in particular engine speed 

and vehicle mass), the longitudinal control modeling of the 4-wheeled vehicle presented excellent 

results represented by the physical output signals; vehicle speed, engine speed, and acceleration.  

SimscapeTM (application of the Simulink® environment) is used to develop control systems and 

test the performance of the system, in addition to obtaining a range of resources that can be used 

according to the purpose of the project, supports the generation of C code for the implementation of 

models in different simulation environments (SIL or HIL).  

6. Conclusions 

According to the results of the computational simulations, when considering a slope in the 

vehicular system to perform parallel, perpendicular, and oblique parking maneuvers during front or 

rear displacement, a maximum engine angular speed of (800 𝑅𝑃𝑀) is recommended because it is a 

generic engine (internal combustion), higher values extrapolate the longitudinal validation for this 

proposed calibration model, the adjustments depend on the project application/implementation and 

can be calibrated with different physical parameters of the input signal. If needed, changing the type 

of tire dynamics can help to get better results. 
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As contributions, the results of this paper guarantee: I. Adequate performance of the operational 

vehicle system with internal combustion engine associated with some real calibration parameters; II. 

Even when the vehicle is in an angular inclined position during the automatic parking maneuvers; III. 

The engine angular speed range (800 RPM) determines the solid validation of the computational 

modeling (Software in the Loop); IV. Time and electronic components savings; V. Further validation 

(Hardware in the Loop).   

For future research, it is considered to increase the speed during vehicle maneuvers and adapt the 

longitudinal modeling to suit robust systems such as Four-wheel-drive (4WD) or Front-wheel-drive 

(FWD) vehicles with speeds greater than 30 km/h during highway travel, establish an operating range 

greater than 800 RPM relative to the angular speed of the engine, including adverse conditions such 

as obstacles, noise, or disturbances in the vehicle system, and show the best results during computer 

simulations and subsequent HIL-Hardware in-the Loop validation. 
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