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1. Introduction 

The discovery of new effects in superconductive tunneling in 1962, commonly known as 
Josephson effect in Josephson junctions (JJs) has attracted the attention of the scientific 
community due to the huge spectrum of applications in various domains of science and 
engineering. A JJ is made up of two superconductors sandwiched by a thin insulating layer 
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 The microcontroller implementation, chaos control, synchronization, 
and antisynchronization of the nonlinear resistive-capacitive-
inductive shunted Josephson junction (NRCISJJ) model are reported 
in this paper. The dynamical behavior of the NRCISJJ model is 
performed using phase portraits and time series. The numerical 
simulations result reveal that the NRCISJJ model exhibits different 
shapes of hidden chaotic attractors by varying the parameters. The 
existence of different shapes of hidden chaotic attractors is confirmed 
by microcontroller results obtained from the microcontroller 
implementation of the NRCISJJ model. It is theoretically 
demonstrated that the two designed single controllers can suppress 
the hidden chaotic attractors found in the NRCISJJ model. Finally, the 
synchronization and antisynchronization of unidirectional coupled 
NRCISJJ models are studied by using the feedback control method.  
Thanks to the Routh Hurwitz stability criterion, the controllers are 
designed in order to control chaos in JJ models and achieved 
synchronization and antisynchronization between coupled NRCISJJ 
models. Numerical simulations are shown to clarify and confirm 
control, synchronization, and antisynchronization. 
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where electrons can cross through the insulating layer [1]. The current (called a Josephson 
current) proportional to the phase difference between the two superconductors, which flow 
through the junction in the absence of an applied voltage and the movement of electrons 
across the insulating barrier, is known as Josephson tunneling [2, 3]. JJ is useful in constructing 
superconducting electronic devices such as terahertz pulse generator [4, 5], a millimeter or 
submillimeter wave oscillator [6], in digital systems [7], parametric amplifiers, voltage 
standards, in SQUID for detection of very weak magnetic fields [5, 8, 9] and superconducting 
quantum interference devices such as magnetometer applications [10]. Many models have 
been used to study, characterize and represent the JJ properties. These include the nonlinear 
resistive-capacitive shunted JJ (NRCSJJ) model, the linear resistive-capacitive shunted JJ 
(LRCSJJ) model, linear resistive-capacitive-inductive shunted JJ (LRCISJJ) model [11-13], the 
nonlinear resistive-capacitive-inductive shunted JJ (NRCISJJ) model [14-20] autonomous 
Josephson jerk oscillator [15], and a single mesh JJ [16] just to name a few. It has been found 
that the NRCSJJ and LRCSJJ models show chaotic behaviors when they are driven by an 
external sinusoidal signal [14]. In comparison, the LRCISJJ and NRCISJJ models can generate 
chaotic behaviors with external DC bias [17–19]. The NRCISJJ and LRCISJJ models significantly 
reproduce the features on experimental curves than NRCSJJ and LRCSJJ models [17, 22, 23]. 
Many works showing multiples attractors phenomena have been carried out in the literature, 
in particular, Infinite attractors in a chaotic circuit with exponential memristor and JJ 
resonator [21]. In [18], it has been demonstrated that the LRCISJJ model can exhibit hidden 
chaotic attractors and the coexisting attractors between periodic and hidden chaotic attractors 
for a suitable choice of the parameters. In this paper, a microcontroller implementation is used 
to confirm the existence of different shapes of hidden chaotic attractors found in the NRCISJJ 
model during the numerical simulations.  

However, in most applications of the JJ, such as in parametric amplifiers, voltage standard, 
and SQUID is essential to avoid all types of noise and chaos. Hence there is a need to control 
chaos in JJs. Chaos control in JJ models has been implemented with several methods such as 
the backstepping control method [24-26], sliding mode control method [27], linear feedback 
control method [28], and adaptive feedback control method [29]. The controllers designed in 
[24-29] to suppress chaotic behavior in JJ models are nonlinear and complicated.  

Motivated by the above works and focus on the importance of the NRCISJ model, we shed 
more light on the studies of simple, concise, and single-state feedback controllers to control 
chaos in JJ models via a single feedback controller. Moreover, synchronization and 
antisynchronization of NRCISJJ models are investigated.  

The paper is articulated around five sections presented as follows: The description and 
microcontroller implementation of NRCISJJ are presented in Section 2. Section 3 focuses on 
Chaos control of the NRCISJJ model by using a single feedback controller. Section 4 deals with 
the synchronization and antisynchronization of unidirectional coupled NRCISJJ models. 
Finally, the conclusion of the paper is drawn in Section 5. 

2. Description and microcontroller implementation of NRCISJJ model 

The dimensionless rate of equations describing an NRCISJJ model is given by [21]:  

   
1

sin ,
C

dx
i y g x x z

dt 
     
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,
dz

x
dt


 

(1c) 

Where t , x , y , z represent the dimensionless time,  the voltage in the junction, the inductive 

current, and the phase difference, respectively. The parameter i is direct external current and

C ,
L are capacitive and inductive parameters, respectively. The function  g x is a 

piecewise function approximation by a current-voltage characteristic of the intrinsic junction 
shunt resistor and is defined by: 

 
0.366 2.9

.
0.061 2.9

if x
g x

if x

 
 



 (2) 

The NRCISJJ model has two equilibrium points   1 0,0,arcsinE i , and

  2 0,0, arcsinE i  for 1i  a while 1i  , it has no equilibrium points. For 1i  , the 

NRCISJJ model belongs to the family of systems with self-excited attractors, whereas for 1i  , 

it belongs to the family of systems with hidden attractors. For 0.707C  , it is depicted in Fig. 

1 the time evolutions and the phase planes of hidden chaotic attractors for given values of 

parameters i and
L . 

 

Fig. 1. Phase planes of NRCISJJ model for given values of parameters i and
L :(a) 1.36i  ,

2.07L  , (b) 1.15i  , 2.52L  , (c) 1.15i  , 2.6L  and (d) 1.15i  , 3L  . The other 

parameter is 0.707C  . The initial conditions are (x(0), y(0), z(0))=(0, 0, 0). 

Fig. 1 shows four different shapes of hidden chaotic attractors for given values of 

parameters i and
L . The microcontroller implementation of the NRCISJJ model is presented 

in Fig. 2. 
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Fig. 2. Microcontroller design circuit of NRCISJJ model. 

The microcontroller implementation of the NRCISJJ model shown in Fig. 2 is based on the 
Arduino mega 2560 card clocked at 16 MHz. NRCISJJ model described by the system (1) is 
sampled by the fourth-order Runge Kutta method. Fig. 3 presents the phase planes obtained 
from the microcontroller implementation of the NRCISJJ model. 

 
Fig. 3. Phase planes were obtained from the microcontroller implementation of the NRCISJJ model by 

using the same parameters as in Fig 1. 

The microcontroller results of Fig. 3 are qualitatively agreed with the results of the 
numerical simulation of Fig. 1. Therefore, the existence of different shapes of hidden chaotic 
attractors found in the NRCISJJ model is confirmed.  
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3. Chaos Control of NRCISJJ model 

This section presents the control of hidden chaotic attractors found in the NRCISJJ model by 
designing two single controllers. 

3.1. First designed controller  

System (1) under the controller
1u becomes: 

    1

1
sin ,

C

dx
i y g x x z u

dt 
      

 
(3a) 
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L

dy
x y

dt 
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,
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
 

(3c) 

whereby choosing    2 sin Cu x i y g x x z         , system (3) becomes: 

,
dx

x
dt
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.
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The solution of (4a) is    0 tx t x e .  Thereafter  lim 0
t

x t


 and system (4) is reduced 

to: 

1
,

L

dy
y

dt 
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(5a) 

0.
dz

dt


 
(5b) 

The solutions of (5a) and (5b) are    0 Lty t y e  and    0z t z , respectively.  

Thereafter  lim 0
t

y t


 ,    lim 0
t

z t z


 and the hidden chaotic attractor found in the 

NRCISJJ model can be controlled by using the controller,  2 sinR Cu x i y x z          

as shown in Fig. 4 that demonstrates that the control of chaos in the NRCISJJ model by using 

the controller  1 sinR Cu x i y x z         is effective.  

3.2. Second designed controller  

System (1) under the controller
2u becomes: 
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where by choosing
2u x z   , system (6) becomes: 

   
1

sin ,
C

dx
i y g x x z
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1

,
L

dy
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(7b) 

.
dz

z
dt
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(7c) 

 

 

Fig. 4. Time evolutions of , ,x y z and
1u showing the control scheme of the first controller for the 

parameters taking as 1.15i  , 0.707C  , 3L  , the initial conditions are (x(0), y(0), z(0))=(0, 0, 

0) and the controller
1u is activated at 400t  . 

The solution of (7c) is    0 tz t z e .  Thereafter  lim 0
t

z t


 and system (7) is reduced 

to: 

 
1

,
C

dx
i y g x x

dt 
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(8a) 

 
1

.
L

dy
x y

dt 
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(8b) 

For 1.15i  , 0.707C  , 3L  , the eigenvalues associated with the system (8) at the 

equilibrium point (𝑥 =
𝑖

1+0.366
, 𝑦 =

𝑖

1+0.366
) are 𝜆1,2 = −0.4255068364 ± 0.680421637𝑗 if

2.9x  with 2 1j   . While for 2.9x  , the eigenvalues associated to system (8) at the 

equilibrium point (𝑥 =
𝑖

1+0.061
, 𝑦 =

𝑖

1+0.061
)  are 1,2 0.20980669 0.6754382937 j    . Since, 

all the real parts of the eigenvalues 1,2 are negative, the system (8) is asymptotically stable. 
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Therefore, the hidden chaotic attractor found in NRCISJJ model can be controlled by using the 

controller,
2u x z   as shown in Fig. 5 that demonstrates that the control of chaos in 

NRCISJJ model by using the controller
2u x z   is effective.  

 

Fig. 5. Time evolutions of , ,x y z and
2u showing the control scheme of the second controller for the 

parameters taking as 1.15i  , 0.707C  , 3L  , initial conditions are (x(0), y(0), z(0))=(0, 0, 0) 

and The controller
2u  activated at 400t  . 

4. Synchronization and antisynchronization of coupled NRCISJJ models 

A feedback control method is used in this section to achieve synchronization and 
antisynchronization in unidirectional coupled identical NRCISJJ models. The drive and 
response NRCISJJ models are presented respectively: 

   1
1 1 1 1

1
sin ,

C

dx
i y g x x z

dt 
     

 
  (9a) 

 1
1 1

1
,

L

dy
x y

dt 
 

 
 (9b) 

1
1,

dz
x

dt


 
  (9c) 

   2
2 2 2 2 3

1
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C
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dt 
      
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Where
3u and

4u are the controllers to be designed. The error variables are defined as

1 2 1 2 2 1 3 2 1, ,e x qx e y qy e z qz      where 1q  for synchronization and 1q   for 

antisynchronization. Its derivatives with respect to the time are given below: 

       1
2 2 2 2 1 1 1 1 3

1
sin sin ,

C C

de q
i y g x x z i y g x x z u

dt  
                 (11a)   

 2
1 2

1
,

L

de
e e

dt 
 

 
 (11b) 

3
1 4 ,

de
e u

dt
 

 
  (11c) 

where the controllers are  chosen as

       3 1 2 2 2 2 1 1 1 1sin sinC Cu e i y g x x z q i y g x x z                 and 
4 1 3u e e  

in order to achieve synchronization and antisynchronization between systems (9) and (10), 

by substituting the controllers
3u and

4u in the system (11), it becomes: 

1
1,

de
e

dt
 

 
  (12a)   

 2
1 2

1
,

L

de
e e

dt 
 

 
  (12b) 

3
3.

de
e

dt
 

 
  (12c) 

The solutions of (12a) and (12c) are    1 1 0 te t e e and    3 3 0 te t e e . That is yield

 1lim 0
t

e t


 ,  3lim 0
t

e t


 and system (12) can be reduced to: 

2
2

1
.

L

de
e

dt 
 

 
(13) 

The solution of (13) is    2 2 0 Lte t e e  . That is yield  2lim 0
t

e t


 and the designed 

controllers        3 1 2 2 2 2 1 1 1 1sin sinC Cu e i y g x x z q i y g x x z                 and

4 1 3u e e   can achieve synchronization or antisynchronization between the drive system 

(9) and the response system (10), as shown in Fig. 6 and Fig. 7. For numerical simulations, the 
initial conditions of the drive system (9) and response system (10) are

      1 11 0 ,  0 ,  0  1,1,( )1x y z  and       2 2 20 ,  0 ,  0  2,2,( )2x y z  , respectively. By 

choosing 1q  , the time evolutions of error variables and synchronization diagrams are 

presented in Fig. 6. 

In Fig. 6, it is possible to achieve the synchronization between the drive system (9) and 

response system (10) by using the designed controllers
3u and

4u . By choosing 1q   , the 

time evolutions of error variables and the outputs of the drive and response systems are 
presented in Fig. 7. It emerges from Fig. 7. It is possible to achieve the antisynchronization 

between the drive system (9) and response system (10) using the designed controllers
3u and

4u . 
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Fig. 6. Time evolutions of
1 2 3, ,e e e (a) and synchronization diagrams (b) showing synchronization 

for the values of parameters 1q  , 1.15i  , 0.707C  , 3L  . 

 

Fig. 7. Time evolutions of
1 2 3, ,e e e (a) and 1,2 1,2 1,2, ,x y z (b) showing antisynchronization between 

the drive and response for the values of parameters 1q   , 1.15i  , 0.707C  , 3L  . 
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5. Conclusion 

The microcontroller implementation, chaos control, synchronization, and 
antisynchronization of the nonlinear resistive-capacitive-inductive shunted Josephson 
junction model was investigated in this paper. The existence of different shapes of hidden 
chaotic attractors was demonstrated by using numerical simulations and microcontroller 
implementation of nonlinear resistive-capacitive-inductive shunted Josephson junction model. 
Two single feedback controllers were designed to control chaos found in the nonlinear 
resistive-capacitive-inductive shunted Josephson junction model. Analytical calculations and 
numerical simulations are carried out to show the serviceableness of the two designed single 
controllers. The synchronization and antisynchronization of unidirectional coupled nonlinear 
resistive-capacitive-inductive shunted Josephson junction models were achieved by using the 
feedback control method. 
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