International Journal of Robotics and Control Systems
IIRCS Vol. 5, No. 2, 2025, pp. 794-812 o ASEEE
ISSN 2775-2658

http://pubs2.ascee.org/index.php/ijrcs

Study and Analysis of the Second Order Constant Coefficients
and Cauchy-Euler Equations via Modified Conformable
Operator

Ahmed Bouchenak 21, Igbal M. Batiha ¢.d.2.x Raed Hatamleh 3, Mazin Aljazzazi f4
Igbal H. Jebril ©°, Mohammed Al-Horani "

4 Department of Mathematics, Faculty of Exact Sciences, University Mustapha Stambouli of Mascara,
Mascara, 29000, Algeria

b Mathematics Research Center, Near East University, Nicosia, 99138, Turkey

¢ Department of Mathematics, Al Zaytoonah University of Jordan, Amman 11733, Jordan

4 Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman 346, United Arab Emirates
¢ Department of Mathematics, Faculty of Science, Jadara University, Irbid 21110, Jordan

f Department of Mathematics, The University of Jordan, Amman, Jordan

! a.bouchenak @univ-mascara.dz; 2 i.batiha@zuj.edu.jo; 3 raed @jadara.edu.jo; 4 m.jazazi @yahoo.com;
5 i jebril@zuj.edu.jo; ® horani @ju.edu.jo

* Corresponding Author

ARTICLE INFO ABSTRACT

Article History In this paper, we are concerned with a new modified conformable operator.

Received August 17, 2024 Such an operator makes the study very easy in fractional calculus because
Revised February 05, 2025 it satisfies the most properties as the usual derivative and gives exact solu-
Accepted February 21, 2025 tions. Furthermore, we will analyze and study the second-order fractional

linear homogeneous differential equation with constant coefficients, which

has two reasons for the importance of these types of differential equations.
Keywords First of all, they often arise in applications. Second, it is relatively easy to
Modified Derivative; find fundamental sets of solutions to these equations. In addition, we will
Modified Integral; also analyze the related fractional Cauchy—Euler type equation, which is
Exponential Function; used in various fields, physics, engineering, etc. Finally, as an application,
Cauchy-Euler Equations; we will illustrate the method on some numerical examples of the mentioned
Leibniz Rule type of fractional differential equations.

This is an open access article under the CC-BY-SA license.

1. Introduction

Fractional derivatives emanations dates back to the times of calculus. In 1695 L‘Hopital won-
dered at the meaning of Cc%f atn = % So, from that time, the mathematical researchers have been
attempting to define a fractional derivative. The most known are Riemann Liouville definition and
Caputo definition [1]. As per Riemann Liouville definition 1847, fractional derivative of constant
function is not zero. In 1967 Caputo noticed it and gave another simplified definition of fractional
operator on the basis of series expansion. The theory of fractional derivatives progressed for three

centuries as primarily a theoretical study of mathematics relevant only to mathematicians [2].

In the 1980’s, Mandelbrot works on fractional geometry drew the attention of physicists to this
field of study and this led to the beginning of several publications in the field of fractional Brow-
nian motion and anomalous diffusion processes, see [3] and for more see [4]-[21]. The previous
definitions give an approximate solution to the problems as boundary values problems and fractional
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differential equations [22], [23]. The singular property that these fractional calculi have in common
may be the linearity however not all of these fractional derivatives conform the classical properties
like the product rule, the chain rule, etc. In order to overcome these or other poverties, in [24] the au-
thors introduced a new simple and well behaved local derivative called conformable derivative, which
defined as

Definition 1.1 [24] Given a function f : [0,00) — R. Then

f(a)(ZE) _ hmf(x + exlia) — f(x)’

e—0 €

forall z > 0 and o € (0, 1). If the limit exists, we call f(®)(z) the conformable derivative of f of

order . If f is a-differentiable in some (0, ) such that @ > 0 and lim+ £(®) () exists, then define
z—0

The conformable derivative defined on a basic limit definition and satisfies most of the properties
that the classical integer order derivative has. In 2015, T. Abdeljawad generalized many beneficial
and worthy results [25]. Moreover, authors developed this derivative more specifically conformable
Laplace transform in [26]-[28] and conformable Fourier series in [29]-[31] and the atomic exact
solution using tensor product theory in [32]. Khalil et al. in [33] presented a geometric meaning of the
conformable derivative using the idea of fractional cords so from that time, more and more attention
has been paid to this derivative and many problems were solved by using such a definition. More
applications on conformable operator can be found in [34]-[37], and others can be found in [38]—
[54].

In this paper we will be concerned with a newly defined conformable operator [55], which was
introduced by Anderson, Douglas R., and Darin J. Ulness such a modified conformable operator has
a great rule because it satisfy the most properties as the usual derivative. Also, this article aims to
use the modified conformable operator in the study and analysis of the following type of a constant
coefficients modified conformable differential equation

aD*D%u(x) + bD%u(z) + cu(z) =0, a,b,c € R, x € [19,00), x>0,

this type of equations has a vital role in differential equations because of two reasons. First of all,
they often arise in applications. Secondly, as we will see, it is relatively easy to find fundamental
sets of solutions for these equations. Furthermore, we will study and analyze the given homogeneous
Cauchy-Euler modified conformable differential equation via modified conformable operator

axD* [xD%u(x)] + bD%u(x) + cu(z) =0, a,b,c € R, x € [zg,00), x>0,

by presenting the general solutions of this Cauchy-Euler equations using the roots of its associated
characteristic equations. For applications of the Cauchy-Euler equation in physics and engineering we
refer the reader to [56]-[58]. Moreover, we should mention here that the value of the used modified
conformable operator is to give an exact solution to this type equations, however authors in [59], [60]
find an approximate solutions. Finally, as an application we illustrate the method of solution on some
numerical example in details.

2. Modified Conformable Calculus

In this part we present some preliminaries of modified conformable operator denoted D of order
a where 0 < a < 1 and D°, D! are reduced to the identity operator and the classical differential
operator, respectively.
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Definition 2.1 (Modified Conformable Differential Operator). [55]

Let 0 < o < 1, a differential operator D® is modified conformable iff DV is the identity opera-
tor and D! is the classical differential operator. Specifically, D® is modified conformable iff for a
differentiable function f(z) we have

DOf(x) = f(x) and D'f(@) = - f = f'(a), v R M)

Definition 2.1 is more general. To clarify this definition for readers, we say that the modified con-
formable operator D can take several forms, as determined by the following definition:

Definition 2.2 (A Class of Modified Conformable Derivative). [55]
Let 0 < a < 1, and let the functions ko, k; : [0,1] x R — [0, 00) be continuous such that

lim ki(o,z) =1, lim ko(a,z) =0, Vo €R,
a—0t a—0t
lim ki(a,z) =0, lim ko(a,z) =1, Vo € R, 2)

a—1— a—1—

ki(a,z) #0, a € 10,1), ko(a,z) #0, a € (0,1], Vo € R.
Then the following differential operator D“ defined by
D*f(x) = k(@) f (@) + ko(a, 2) f (x) 3)

is modified conformable operator provided that the function f(z) is differentiable and f'(z) = % .

The following example explains how an operator can be a class of modified conformable derivative.
Example 2.3 1. Take k1(a,2) = (1 — a)2® and ko(, 7) = az'~® for any = € (0, 00), we find
Df(x) = ko, 2)f(x) + kol 2)f (x)
= (1—a)zf(z) +ax'"f ().
Based on the obtained operator, we get:
Df(x) = f(x) and D°f(z) = f (), itmeans D® satisfy condition (2.1),

and one can easily prove that D® satisfy condition (2.2), then we say that D is a class of
modified conformable derivative.
2. Take k1 = cos (%) z* and ko = sin (%) 2!~ for any z € (0, 00) we get

Df(x) = ki(a,x)f(x) + kol @) f (z)
= cos (%) xz®f(z) + sin <%> ' f (2).
Similarly, the resulting operator satisfy conditions (2.1) and (2.2), then is a class of modified
conformable derivative. Note that unfortunately D®D? # DA D in general.

Definition 2.4 (Partial Conformable Derivatives). [55]

Let 0 < o < 1, and let the functions kg, k1 : [0,1] x R — [0, 00) be continuous and satisfy (2).
Given a function f(z, s) : R? — R such that - f(z, s) exists for each fixed s € R, define the partial
modified conformable differential operator DS by

DL F(a,5) = ala ) (,5) + ol 7)o f 5 @

it means that, D correspond to derive the function f(z, s) of the two variables = and s with respect
to x.
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Definition 2.5 (Modified Conformable Exponential Function). [55]

Let 0 < o < 1, s,z € R with s < x, and let the functions m : [s,z] — R be continuous.
ko, k1 : [0,1] x R — [0, 00) be continuous and satisfy (2) with m/ko and k1 /ko Riemann integrable
on [s, z]. Then the modified conformable exponential function with respect to D? is defined to be

z m(N)—ky (a, /\)d>\ s kp(a,N) d)\
Y , if m=0then ey(z,s) = elz Fotan 3)

em(z,s) =e

We should mention here that the exponential function will help us to simplify the form of the solutions
for the fractional differential equations that we present in the next section, also the value of the
function m will be change depend to the situation.

Now based on (3) and (5), we have the following basic results.

Lemma 2.6 (Basic Derivatives). [55]

Let the modified conformable differential operator D be given as (3), where 0 < a < 1. Let the
function m : [s,z] — R be continuous and the functions ko, k1 : [0, 1] x R — [0, 00) be continuous
and satisfy (2) with m/kg and k; /ko Riemann integrable on [s, xz]. Assume the functions f and g are
differentiable as needed. Then

(i) D*af + bg] = aD*[f] + bD[g], for all a,b € R.

(ii) D“c = ck1(a, x), for all constants c € R, z € R.

(i#i) D*[fg) = £D°[g] + gD*[f] — fgkr(a,), = € R.

(iv) D [5} = 79[)&[]0]7]”)&[9] ikrl(oz x), x € Rand g # 0.

(

v) For a € (0, 1] and ﬁxed s € R, the exponential function satisfies
Dg[em(l‘)s)] = m(l‘)em(l‘as) (6)

(vi) For v € (0, 1] and for the exponential function ey given in (5), we have

[/ fkoeo %, 5) s] = f(x). %

Proof 1 Using the formula of the modified conformable operator presented in (2.3) we get
(¢) For all @, b € R we have

Dlaf +ba] = kila,x)(af +bg) + kolaz) o (af +bg)

= o (e @) + koo o) 4 1@)) +0 (Fa(asalgle) + oo a) oo )
= aD?f) + b0

(23) For all constants ¢ € R, = € R we obtain
D% = k1 (a, x)c + ko(a, x)%c = cki(a, x).
(741) For all x € R we find
D%lfgl = kila,2)(fg) + kol 2) - (fg)
d
= ki, 2)(fg) + ko(, ) <gdxf + fdxg>

= f (@ + k(o)) + 9 (0] + hofa.) 5 g) - ka2
= D%yl +gDf] = fgki(e, z).
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(iv) For all z € R and g # 0 we have

o] = e [f] e [ ]
o [£] AoV ol ] gt gt
_ h(as) ; L 9 (ko) [£]+ h(w)f)g—Qf (Ko(a, ) f; [g] + k1 (o, 2)g)
- U
(v) For a € (0, 1] and fixed s € R, the exponential function satisfies
Dilem(z,s)] = ki(a,z) [em(waS)]+k0(a’$)%[€m(%8)l
— (e, 2) [em(z, 5)] + k:o(ozw)ai [eff Wﬂ em ()

m(x) — ki(a, )
ko(a, ) ] em (T, )

= ki(a,2) {em(ac,s) + koo, o)
= m(z)en(z,s).

(vi) For a € (0, 1] and for the exponential function e given in (5), we have

[/ fkoeows ]—klax [/ fkoeol‘s }+k¢oo¢m [/ fkoeoil?S ]

(s)eo(z,s)
——d
koas 8]

Fola (/ 3:r [ koeg(z)S)] o W)

Al
[ g eoxs)ds]
el

k (a, 8)
/ ) [Hele] e
koe;is)d] ozx[/ fkoeoxs ]+f(x)

Definition 2.7 (Modified Conformable Integral). [55]
Let0 < a < 1and zg € R. In light of (5) and Lemma 2.6 (v) and (vi), define the antiderivative via

T
+ ko(a, )

/Daf(x)dam = f(x) + ceo(z,x0), c€R.

In the same way define the integral of f over the closed interval [a, b] as follows :

f 6() x,s) ds
Ydos = dos = . 8

Therefore, we can write:

s k(o) ) s
eo(w, 5) = el Roam @ = efI F(@A)dad
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Lemma 2.8 (Basic Integrals). [55]

Let the conformable differential operator D“ be given as in (3) and the integral be given as (8) with
0 < a < 1. Let the functions ko, k1 : [0,1] x R — [0, c0) be continuous and satisfy (2) and let f and
g be differentiable as needed. Then

(i) The derivative of the definite integral of f is given by

D [ [ 150eate.s)das| = £(o)

(ii) The definite integral of the derivative of f is given by

/ "D f(s)eo(w, s)das] = F(s)eo(z 5) [Foa= f(z) — f(a)eo(z, a).

(iii) An integration by parts formula is given as follow
b
[ @D lg(a)ents, 2)dos = f@)g(a)eafb o) [,

b
- / g(2)(D°[f ()] — ka1 (0, 2) f () eo (b, 2)dac.

(iv) A version of the Leibniz rule for the differentiation of an integral is given by

Do | [ fesrentosidas| = [T (D25 = kalan) 50 o os + .2,

If eg(x, s) is absent then by (4) we have
D~ [/ f(a:,s)das} :/ DS f(x,s)das + f(z,x).

Proof 2 It is simple to prove this lemma using the formula of the modified conformable operator
presented in (2.3); Lemma 2.6 and integration by part of the usual derivative. More details about this
proof can be founded in [55].

In this definition, we will introduce functions that will serve the role that polynomials do in
Taylor series expansions for the regular derivative ( &« = 1 ) which we need in the proof of Theorem
3.1 case 1.

Definition 2.9 Let the functions kg, k1 : [0,1] x R — [0, 00) be continuous such that the conditions
in (2.2) are hold. When o = 1 and n € Ny, the polynomials are given by b, (, s) = % (x — s)™. To

—nl

generalize this to the present context, define the functions b,, : R? x R — R, n € Ny via
bo(z,s) =1, Vr,seR

and .
bn(x,s) = / bn—1(\,s)daA, meN, Vz,seR.

3. Second Order Linear Modified Conformable Differential Equations (MCDEs)

In this part we will consider the following second order linear homogeneous modified con-
formable differential equation with constant coefficients

aD“D%u(z) + bD“u(z) + cu(x) =0, =z € [xg,00), zo >0,
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Where a, b, ¢ are real constants. In addition, we will also analyze the related Cauchy - Euler type
modified conformable equation

ar D[z D%u(zx)] + brD%u(z) + cu(z) =0, =z € [xg,00), xo > 0,

Theorem 3.1 (Constant Coefficients MCDEs)

Let the functions ko, k1 : [0,1] x R — [0, c0) be continuous and satisfy (2), and let D* be as given
in (3). Let a,b,c € R be constants and o € (0,1]. Then the constant coefficients homogeneous
modified conformable differential equation

aD*D%u(x) + bD%u(z) + cu(z) =0, = € [xg,00), x>0, )
has the associated characteristic equation
aX? +bA+c+0, (10)

and the general solution to (9) is given by one of the following cases:
Case 1: If \q, Ao are real distinct roots of (10), then

u(x) = cren, (x, z9) + caex, (z, o),

Case 2: If )\ is a repeated root of (10), then

x
u(x) = crex(w, zo) + 026,\(90,360)/ 1dys,

o

Case 3: If A = ( + if is a complex root of (10), then

u(x) = crec(x, xg) cos </w ﬂda8> + coec(x, o) sin </x lea5> ,

Proof 3 Let us try the solution

z A—kqi(a,t)
u(z) = ex(z,z0) = elzo Totan) %,

Substitute u(z) in (9), this leads by (6) to the characteristic equation (10).Thus there are three cases.
Case 1: If Ay # Ay and A1, A2 € R are the roots of (10), then
’LL((L') = Cl@)\l (xa ':CO) + 026)\2 (.7?, :1:0)7

then
D%u(z) = ci ey, (x, zo) + cadeen, (z, zo),

and
D*D%u(x) = 01)\%@\1(1‘, xo) + 62)\56)\2 (x,z0),

Now substitute u1 () in (9), we get
aD*D%u(x) + bD%u(x) + cu(z) = 0.
Since A; and \q are roots of the characteristic equation, we obtain

crex, (z, o) (aXNt + A1 +¢) +  caen, (2, 20) (a3 + ba + ¢)
crex, (z,20)(0) + czen, (2, 20)(0)
= 0.
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Case 2: If A\; = A2 = X € Riis arepeated root of (10), then the first solution is given by

T Afkl(a,t)dt
’Uq(l') = efzo kg (ovt)

When o« = 1 (the classical case) we know that ug(x) = xui(z) is a second linearly independent
solution, so we try

x xT

1dys = eA(a:,aco)/ 1d,s.

o

ug(x) = up(x)by(z, x0) = ul(x)/

o

Using Lemma 2.6 (¢i¢) and Lemma 2.8 (iv), we have

D%usy(x) = D¢ (ex(m,xo)/ ldas>
o

= ex(z, o) (l—i-kl(a,x)/ ldas) +/\e,\(x,x0)/ 1d,s

o o
T

— kl(a,x)e,\($,xo)/ 1d,s

zQ

= e)\(.%',xo) (14—)\/ 1da8> .
z0

D Duy(z) = D° [e,\(aj,xo) (1+)\ /;ldasﬂ

0

= dex(z,z0) + (eA(a:,xo) (1 + )\/ 1das>>

T

= 2/\e>\(ac,xo)—|—)\26,\(x,xo)/ 1dgys.

o

Now

With \ = 5—;’ (since ) is repeated root) and substitute us(z) in (9), we get that

a (2)\6,\(36,1:0) + )\26,\(x,:1:0)/ 1das> + bey(z, xo) (1 + )\/ 1da5> + ceA(x,a:O)/ 1d,s
iy To iy

0 0

= ex(x,x0) <2a)\ + a/\Q/ ldos + b+ b)\/ 1ldys + c/ 1da3)

Zo o Zo

=ex(z,20) [ 2a _—b +b+a)\2/ ldas—l-b)\/ ldas—f—c/ 1d,s
2a o o o

= 6)\(16',.%0)/ 1dys(ar? + A\ +¢) = 0.

0

Because \ is a root for the characteristic equation (10). So, ug(x) is a solution for (9)
Case 3: The roots of (10) complex roots (say A = ¢ £ i/3). By Euler’s formula, we observe that u(z)
and the result can found in the classical form as follows:

w@) = eclawo)cos ( / 0 Bdas> + iec(, o) sin ( / 0 Bdas>
— ec(z,a0) <cos (/x 6das> +isin </m Bdas>)

= eg(x,xo)e’fxo Bdas _ J3 Cdas i[5 Bdas _ [ (+idas

= ecyip(, o).
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D%u(z) = D [ectip(x, 20)] = (¢ + iB)ec+ip(x, To),

and

D*D%u(z) = D[+ iB)ectip(z,z0)]
= (C+1iB)ecqip(z, o).

Now substitute u(x) in (9), we get that

DDu(z) = a(C+ i) ecrip(x, x0) + b(C +iB)ectis(x, x0) + cecyip(a, o)
= ecip(w,10)(aN? + DA + ¢)
= ecip(w,10)(aN? + bA + ¢) = 0.

Since A is a root for the characteristic equation (10).
So the real and imaginary parts of this expression are linearly independent solutions of (9).

The next theorem provided the general solution of the second order Cauchy — Euler modified
conformable differential equation.

Theorem 3.2 (Cauchy — Euler MCDEs).

Let the functions ko, k1 : [0,1] x R — [0, 00) be continuous and satisfy (2), and let D® be as given
in (3). Let a,b,c € R be constants and o € (0,1]. Then the homogeneous Cauchy — Euler type
modified conformable differential equation (MCDE)

axD® [xD%u(x)] + bD%u(x) + cu(z) =0, =z € [x9,00), xo >0, (11)

has the associated characteristic equation (10) and the general solution to (11) is given by one of the
following cases for the constants c;, co € R
Case 1: If A;, A2 € R and \; # Ay are distinct roots of (10), then the general solution is given by

u(z) = crey, /2(z, o) + c2ey, /2(, o).

Case 2: If \{, A9 € Rsuchthat Ay = Ao = A = 5—5 are repeated roots of (10), then the general

solution is given by
x

u(z) = crey/.(w, 7o) + 026)\/x(x,-170)/ s 'dys.

o

Case 3: If A = { £ i is a complex root of (10), then the general solution is given by

u(z) = cre¢/z(z, w0) cos <ﬁ/ 3_1da5> + cae¢ )y (2, m0) sin (B/ s_ldas> )
To T

0
Proof 4 Case 1: Let‘s begin with u; (), and similarly for ua(x).

D%y (x) = D¢ (e;\l/x(x,l‘o))

A
= ?6)\1/1‘(‘%‘71‘0)'

Consequently, we have
D**uy(z) = DYD%u(x)
A
= D* (;ekl/x(x,.ro))

\2 A
= Ee)\l/x(wvx()) - ?ko(%x)exl/x(x,wo)-
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Now substitute u1 (x) in (11), we see that

A2 A
az | “Lex, fal,0) = “phola w)ex, (. 20) + D (2) (o, 2) + b o, 2)2)

A
_ kl(a,x)xDaul(a:)] + bx <xle)\l/x(x, x0)> + cex, jz (T, 70)

:a)\%e)\l/x(x, ro) — aliko(a, w)ey, /o (T, 0) + atiko(a, w)ey, /o (7, 20)
+ azAiki(a, m)ey, /o (7, 20) — axAiki(a, T)ey, /o (T, 2o)
+ b)xlxe)\l/m(az, xo) + ceAl/z(x, x0)

:a/\%eh/x(x, 7o) + bAr1wey, /. (T, 20) + cey, /2(T, To)

:e,\l/x(x, .%'0)(@)\2 +bA+¢)

=0.

Since, \; is a root for the characteristic equation (10).
Case2: If A = 5—5 is repeated root and

ug(z) = ul(:n)/ s d,s = e/\/m(:n,:ro)/ s dys,

0 o

then

D**uy(z) = D (e/\/z(x,xo)/ slda5>
o

1 T
= 6/\/.@(55,%) <xk1(a,£€)/ s_ldas)
xo

+ Dae)\/x(x,xo)/ s_ldas—kl(a,x)e)\/x(:c,mo)/ s dys

xo o
= ul(w)—kk@(a,x}m(z)/ sldas—f-Dam(x)/ s dys
x 0

o
T

- kl(a,x)ek/w(x,aro)/ s dys
o

_ u1($)+Daul(x)/ s_ldas.

T 0

D**uy(z) = DYD%uy(x)
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Now substitute ug(x) in (11) we get that

x

ax D[z D%us ()] —|—bD°‘u1(3:)/ sldas—i-cul(x)/ s Vdys

az[z(D**uy(x)) + xkyi(a, ) D%us(z)
+ D%ug(x)ko(a, x) — ki(a, x) D%ug(x)] + bD%us(z) + cua(x)

— azfe <2Da“1(x) _ kol mnl@) | poay (o /x s_ldas>

x x2 .
+ ko(a, ) (ulix)—l—Daul(x)/ s_ldas>]
o
+ bx <u1(m) —i—Do‘ul(az)/ sldas> +cu1(a:)/ s Vdys
x o To

x x
= 2aanau1(fn)+a:p2D2°‘u1(x)/ s_ldas—l—axk:o(a,:n)Daul(a:)/ s ldys
xo o
xX

+ bul(aj)—i-beo‘ul(x)/ sldas—i-cul(a:)/ s Vdys

Zo Zo

= 2ax <_b> ui(z) + az[mDQo‘ul(m)/ s dys
2a 0

T x

+ ko(a,x)Do‘ul(m)/ s_ldas]—i—bul(:n)—i—beo‘ul(x)/ s_ldas—f—cul(x)/ s Vdys

o o zo
x

+ bacDo‘ul(x)/ s_ldas—i—cul(x)/ s ldys

Zo Zo
T

= |az (acDQO‘ul(a:) + ko(a,z) D%y (z)) + bz D%y () + cuy (z)] / s ldys

o
T

= [axD” (zD%(z)) + bx D uy(x) + cuq(z)] / s dys = 0.
o
Since u; () is a solution for (10), we conclude that ug(x) is a solution for (10).
Case 3: If A = ( + if3 is a complex root of (10), then the complex for (11) solution is given by

u(x) = erip)2(T, To)
= e{/x(xvxﬂ)eiﬁ/x

= eg/x(m,xo) [cos (ﬁ /x sldas) + 7sin (ﬁ /x sldas>] .

And again both real and imaginary parts of the above expression are linearly independent solutions
of (11).

4. Applications

As an application we are going to illustrate the method on some numerical examples. It will be
raised in the form of problems that will handled.
Problem 1:
Consider the following linear second order constant coefficients modified conformable differential
equation:
D*D%u(x) — 2D%(x) + u(x) =0, =z € [1,00), (12)

'With initial conditions
u(l) =4, D%u(1) =5. (13)
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Assume that ko (o, x), k1 (o, ) satisfy (2). If k1 (o, ) is differentiable on [1, 00) and
a € [0, 1) (condition of Theorem 3.1) then,
We observe that characteristic equation for the modified conformable differential equation (4.1) is
given by
A2 —2X+1,

and the roots of it are A = 1 repeated, so by Theorem 3.1 the general solution of the equation (4.1) is
as follow:

u(z) = creq(z, 1) + czeq(z, 1)/ 1d,s,
1

Where c¢; and ¢y are constants.
The initial conditions (4.2) and the use of Lemma 2.6 (iii) and Lemma 2.8 (iv), implies that

u(l) = (clel(x,l)+C261(m,1)/1x1das> ot

1
= 0161(1, 1) + 0261(1, 1) / 1d,s = 6161(1, 1) +0
1

fll m()\)fkl(a,)\)d)\ 0

= ce(l,1) = ¢e ko (e, A) =cie’ =c

= 4,

Also,

Dau(l) = D¢ <0161($, 1) + 6261(33, 1)/ 1da8> |:c:1
1
= D%(ciei(x,1)) |g=1 + D* (0261(:6, 1)/ ldas) le=1 by Lemma 2.6 (i)
1

= D% (4ei(x,1)) [a=1 + c2e1(z, 1) <1 +/ 1das> le=1 by Lemma 2.6 (ii)
1

and Lemma 2.8 (iv)

1

= D% (4ei(x,1)) [a=1 + c2e1(1,1) (1 - / 1da5>
1

= D* (461(%, 1)) ’:p:l + 6261(1, 1)

*(4e1(x,1)) |g=1 + c2 by Lemma 2.6 (v)

er1(l,1)+co=4+cy=5.

Tl
& O

Hence co = 1. Therefore, the exact solution for the modified conformable differential equation (4.1)
is given by

u(z) = 4ei(z,1) +e1(z, 1) /12 1dgs.

Problem 2:
We present the second constant coefficients modified conformable differential equations as can be
seen bellow:

D*D%u(x) —2D%u(z) + 2u(z) =0, =z € [2,00), (14)

With initial conditions
u(2) =1, D%u(2)=2. (15)
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Assume that ko(«, ), k1 (o, x) satisfy (2). If ki(«, ) is differentiable on [1,00) and € [0, 1)
(condition of Theorem 3.1). So, it is clear that the associated characteristic equation for the modified
conformable differential equation (4.3) is given by

A —2X4+2=0,

and the roots of it are A = 1 4 ¢ (complex roots). So, based on Theorem 3.1, the general solution is

given by
u(z) = cre1(x,2) cos (/ 1das) + c2e1(z, 2) sin </ 1da3> ,
2 2

for some constants c1, cs.
The initial conditions (4.4) and the use of Lemma 2.6 (iii) and Lemma 2.8 (iv), implies that

w?2) = [clel(az, 2) cos ( /2 ’ ldas> + ever(2,2) sin ( /2 ’ 1das>] lacs
— c1e1(2,2) cos (/22 ldas) + ese1(2,2) sin (/22 1das)

= c1e1(2,2)cos (0) + cze1(2,2) sin (0)
m(X)—kq (a,\)
= qe 22 ko(a}/\) dX

= 01:1.

Also,

Dou(2) = D° [clel(x,Z) cos </; 1das> + eper(x,2) sin (/j 1das)] oo
~ oD° [el(w,Q) cos ( /2 ’ 1das>] oo + cD° [el(m,Q) sin ( /2 ’ 1das)} locs

by Lemma 2.6 (7)

_ :el(x,2)Do‘ <cos ( /2 ' 1das>> + cos ( /2 ' 1das> pe (el(x,2))] s
S :el(x,2) cos ( /2 ’ ldas) kl(a,x)] o
© oo :el(a:,2)Da (sin ( /2 ' 1das>> +sin ( /2 ' 1das> D° (el(az,Q))] oz
~ :el(ac,Q) sin ( /2 ' 1das) kl(a,x)] s

by Lemma 2.6 (i) and (v) and Lemma 2.8 (iv)
= [k:l(a,2)—|—1—k‘1(a,2)]—|—62 [14‘0—0]
= c¢1+cyg=2.

Since c¢; = 1, we deduce that c; = 1. Consequently, we conclude that the exact solution of the second
order constant coefficients modified conformable differential equation (4.3) is giving as

u(z) = e1(x,2) cos (/ ldas> + e1(z, 2) sin (/ ldas> .
2 2
Problem 3:

Consider the following second order Cauchy-Euler modified conformable differential equation

eD*[xD**u(z)] — 4u(z) =0, =z € [3,00), (16)
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subject to the following initial conditions
u(3) =2, D%u(3) =4. 17)

Assume that ko (o, ), k1 (o, x) satisfy (2). If k1 («, ) is differentiable on [1, co) and

a € [0,1) (condition of Theorem 3.2) then,

Notice that the associated characteristic equation of the previous Cauchy-Euler modified conformable
differential equation is given by

N —4=0,

and the roots of it are
A==+2
So, by Theorem 3.2 the general solution of the Cauchy-Euler modified conformable differential equa-
tion (4.5) is giving as
u(x) = crez2(x,3) + coe—2(x, 3),

Where ¢ and ¢y are constants to be determined based on the initial conditions.
The initial conditions (4.6) and the use Lemma 2.6 (iii) and Lemma 2.8 (iv), show that

u(3)

(cleg(:n, 3) + 626;2(30,3)) lo=3
= 616%(3, 3) + 026%2(3, 3)

3 m(N)—kj (o, \) 3 m(A)—kj (o, A)
= ce’s ko (a,N) dA + cge’? ko (a,N) dA
= c¢1+cy=2.

In other side, using Lemma 2.6 (i) and Lemma 2.8 (iv), we get
DYu(3) = D“ (cle;(a:,B) + cze;z(x,?;)) lo—3
2 -2
= (clxei(x, 3)+ 62?6—72(1’, 3)> le=3

2 -2
- 0136%(3,3) + 62?6%2(3,3)

2 2
= gCl — §C2 = 4.
Therefore we get Zl + 622 ’ = 22 ) b
z01 — 302 =4, s01 — 502 =4,
Thus
2 2 2c1 + 2c1 — 4 12 4cq 16
fa-f@-g)mazaTamr 2 a0
3132 a) 3 3 3 3
16
012124, then co = —2

Therefore, we conclude that the exact solution of the second order Cauchy-Euler modified con-
formable differential equation (4.5) is presented as

u(z) = 46%(56, 3) — 26—72(56, 3).

Hence a result as required.
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5. Conclusion

In this work, the modified conformable operator D has been successfully utilized to obtain exact
solutions for second-order differential equations with constant coefficients, including their associated
Cauchy-Euler forms. The presented technique has proven effective, as demonstrated by numerical
examples, confirming its reliability in solving such equations. Future research may extend this ap-
proach to higher-order and nonlinear differential equations, as well as explore broader applications in
physics and engineering.

Author Contributions: Conceptualization, Ahmed Bouchenak and Igbal M. Batiha; methodology,
Mazin Aljazzazi and Igbal H. Jebril; formal analysis, Raed Hatamleh and Mohammed Al-Horani;
writing—original draft preparation, Ahmed Bouchenak and Igbal M. Batiha; writing—review and
editing, Igbal H. Jebril and Mazin Aljazzazi. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.

Acknowledgment: The authors sincerely thank the reviewers for their insightful comments and valu-
able suggestions, which have significantly improved the quality of this manuscript.

Conflicts of Interest: The authors declare no conflict of interest..

References

[1] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equa-
tions, Wiley, New York, 1993, https://www.gbv.de/dms/ilmenau/toc/122837029.PDF.

[2] V. Kiryakova, “A Brief Story About the Operators of the Generalized Fractional Calculus,” Frac-
tional Calculus & Applied Analysis, vol. 11, no. 2, pp. 203-220, 2008, http://www.math.bas.bg/~fcaa/
volumel 1/fcaal 12/Kiryakova_fcaal 12.pdf

[3] R. Metzler, Fractional Calculus: An Introduction for Physicists, World Scientific Publishing, Singapore,
vol. 65, no. 2, pp. 55-65, 2012, https://doi.org/10.1063/PT.3.1443.

[4] 1. M. Batiha, N. Djenina, and A. Ouannas, “A stabilization of linear incommensurate fractional-order
difference systems,” AIP Conference Proceedings, vol. 2849, no. 1, p. 030013, 2023, https://doi.org/10.
1063/5.0164866.

[5] R.El-Khazali, I. M. Batiha, and S. Momani, “Approximation of fractional-order operators,” in Fractional
Calculus: ICFDA 2018, Amman, Jordan, July 16-18, vol. 303, pp. 121-151, 2019, https://doi.org/10.
1007/978-981-15-0430-3_8.

[6] A.O. Almatroud, A. Ouannas, G. Grassi, I. M. Batiha, A. Gasri, and M. M. Al-Sawalha, “Different linear
control laws for fractional chaotic maps using Lyapunov functional,” Archives of Control Sciences, vol.
31, no. 4, pp. 765-780, 2021, https://doi.org/10.24425/acs.2021.139729.

[7] J. Oudetallah, G. Bahia, A. Ouannas and I. M. Batiha, “The Quotient Homotopy Analysis Method for
Solving Nonlinear Initial Value Problems,” 2021 International Conference on Information Technology
(ICIT), pp. 195-199, 2021, https://doi.org/10.1109/ICIT52682.2021.9491751.

[8] A. Ouannas, I. M. Batiha, A. -A. Khennaoui, A. Zraiqat and A. A. Al-Nana, “Novel Control Law for
the Fractional-order Chaotic Duffing Map,” 2021 International Conference on Information Technology
(ICIT), pp. 238-241, 2021, https://doi.org/10.1109/ICIT52682.2021.9491768.

[9] A. Ouannas, I. M. Batiha, A. -A. Khennaoui and I. H. Jebril, “On the 0-1 Test for Chaos Applied to the
Generalized Fractional-order Arnold Map,” 2021 International Conference on Information Technology
(ICIT), pp. 242-245, 2021, https://doi.org/10.1109/ICIT52682.2021.9491633.

[10] R. B. Albadarneh, A. Ouanna and I. M. Batiha, “identical Chua’s circuits application using hybrid dis-
located synchronization scheme,” 2021 International Conference on Information Technology (ICIT), pp.
139-142, 2021, https://doi.org/10.1109/ICIT52682.2021.9491746.

Ahmed Bouchenak (Study and Analysis of the Second Order Constant Coefficients and Cauchy-Euler Equations via
Modified Conformable Operator)


https://www.gbv.de/dms/ilmenau/toc/122837029.PDF
http://www.math.bas.bg/~fcaa/volume11/fcaa112/Kiryakova_fcaa112.pdf
http://www.math.bas.bg/~fcaa/volume11/fcaa112/Kiryakova_fcaa112.pdf
https://doi.org/10.1063/PT.3.1443
https://doi.org/10.1063/5.0164866
https://doi.org/10.1063/5.0164866
https://doi.org/10.1007/978-981-15-0430-3_8
https://doi.org/10.1007/978-981-15-0430-3_8
https://doi.org/10.24425/acs.2021.139729
https://doi.org/10.1109/ICIT52682.2021.9491751
https://doi.org/10.1109/ICIT52682.2021.9491768
https://doi.org/10.1109/ICIT52682.2021.9491633
https://doi.org/10.1109/ICIT52682.2021.9491746

ISSN 2775-2658 International Journal of Robotics and Control Systems 809

Vol. 5, No. 2, 2025, pp. 794-812

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

(26]

(27]

R. El-Khazali, I. M. Batiha, and S. Momani, “The drug administration via fractional-order PI*D?-
controller,” Progress in Fractional Differentiation and Applications, vol. 8, no. 1, pp. 53-62, 2022,
https://doi.org/10.18576/pfda/080103.

A. A. Kennaoui, A. Ounnas, I. M. Batiha, and V. T. Pham, “Chaos in fractional-order difference systems,”
in Fractional Order Systems: An Overview of Mathematics, Design, and Applications for Engineers, vol.
1, pp. 257-286, 2022, https://doi.org/10.1016/B978-0-12-824293-3.00011-9.

A. Ouannas, A. A. Khennaoui, I. M. Batiha, and V. T. Pham, “Synchronization between Fractional Chaotic
Maps with Different Dimensions,” in Fractional-Order Design, vol. 3, pp. 89-121, 2022, https://doi.org/
10.1016/B978-0-32-390090-4.00009-3.

A. Ouannas, A. A. Khennaoui, I. M. Batiha, and V. T. Pham, “Stabilization of different dimensional
fractional chaotic maps,” in Fractional-Order Design: Devices, Circuits, and Systems, vol. 3, pp. 123—
155, 2022, https://doi.org/10.1016/B978-0-32-390090-4.00010-X.

A. A. Khennaoui, A. Ouannas, I. M. Batiha, and V. T. Pham, “Hidden chaotic attractors in fractional-order
discrete-time systems,” in Fractional Order Systems and Applications in Engineering, pp. 227-243, 2023,
https://doi.org/10.1016/B978-0-32-390953-2.00021-9.

J. Oudetallah, Z. Chebana, T. E. Oussaeif, A. Ouannas, and I. M. Batiha, “Theoretical study of explosion
phenomena for a semi-parabolic problem,” in Proceedings of the International Conference on Mathemat-
ics and Computations, vol. 418, pp. 271-276, 2022, https://doi.org/10.1007/978-981-99-0447-1_22.

I. M. Batiha, N. Djenina, A. Ouannas, and T. E. Oussaeif, “Fractional-order SEIR covid-19 model: dis-
cretization and stability analysis,” in Proceedings of the International Conference on Mathematics and
Computations, vol. 418, pp. 245-256, 2022, https://doi.org/10.1007/978-981-99-0447-1_20.

N. Anakira, A. Hioual, A. Ouannas, T. E. Oussaeif, and I. M. Batiha, “Global asymptotic stability for
discrete-time SEI reaction-diffusion model,” in Proceedings of the International Conference on Mathe-
matics and Computations, vol. 418, pp. 345-357, 2022, https://doi.org/10.1007/978-981-99-0447-1_30.

I. H. Jebril and I. M. Batiha, “On the stability of commensurate fractional-order Lorenz system,” Progress
in Fractional Differentiation and Applications, vol. 8, no. 3, pp. 1-7, 2022, http://dx.doi.org/10.18576/
pfda/080305.

S. Momani and I. M. Batiha, “Tuning of the fractional-order PID controller for some real-life industrial
processes using particle swarm optimization,” Progress in Fractional Differentiation and Applications,
vol. 8, no. 3, pp. 1-15, 2020, http://dx.doi.org/10.18576/pfda/PFDA-60-20.

M. M. Ouannasz and 1. M. Batiha, “A general method for stabilizing the fractional-order dis-
crete neural networks via linear control law,” Nonlinear Studies, vol. 29, pp. 993-1005, 2022,
https://openurl.ebsco.com/EPDB%3Agcd%3A3%3A16772691/detailv2?sid=ebsco%3 Aplink %
3Ascholar&id=ebsco%3Agcd%3A 161108814 &crl=c&link_origin=scholar.google.com.

D. Sarafyan, “Approximate solution of ordinary differential equations and their systems through discrete
and continuous embedded Runge-Kutta formulae and upgrading of their order,” Computers & Mathe-
matics with Applications, vol. 28, no. 10-12, pp. 353-384, 1994, https://doi.org/10.1016/0898-1221(94)
00201-0.

N. Echi, “Approximate solution of linear differential equations,” Mathematical and Computer Modelling,
vol. 58, no. 7-8, pp. 1502-1509, 2013, https://doi.org/10.1016/j.mcm.2013.06.011.

R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new definition of fractional derivative,” Journal
of Computational and Applied Mathematics, vol. 264, pp. 65-70, 2014, https://doi.org/10.1016/j.cam.
2014.01.002.

T. Abdeljawad, “On conformable fractional calculus,” Journal of Computational and Applied Mathemat-
ics, vol. 279, pp. 57-66, 2015, https://doi.org/10.1016/j.cam.2014.10.016.

A. Bouchenak, “Generalization of fractional Laplace transform for higher order and its application,”
Journal of Innovative Applied Mathematics and Computational Sciences, vol. 1, no. 1, pp. 79-92, 2021,
http://dspace.centre-univ-mila.dz/jspui/handle/123456789/1512.

J. Younis, B. Ahmed, M. Jazzazi Al, R. Al Hejaj, and H. Aydi, “Existence and uniqueness study of the
conformable Laplace transform,” Journal of Mathematics, vol. 2022, 2022, https://doi.org/10.1155/2022/
4554065.

Ahmed Bouchenak (Study and Analysis of the Second Order Constant Coefficients and Cauchy-Euler Equations via

Modified Conformable Operator)


https://doi.org/10.18576/pfda/080103
https://doi.org/10.1016/B978-0-12-824293-3.00011-9
https://doi.org/10.1016/B978-0-32-390090-4.00009-3
https://doi.org/10.1016/B978-0-32-390090-4.00009-3
https://doi.org/10.1016/B978-0-32-390090-4.00010-X
https://doi.org/10.1016/B978-0-32-390953-2.00021-9
https://doi.org/10.1007/978-981-99-0447-1_22
https://doi.org/10.1007/978-981-99-0447-1_20
https://doi.org/10.1007/978-981-99-0447-1_30
http://dx.doi.org/10.18576/pfda/080305
http://dx.doi.org/10.18576/pfda/080305
http://dx.doi.org/10.18576/pfda/PFDA-60-20
https://openurl.ebsco.com/EPDB%3Agcd%3A3%3A16772691/detailv2?sid=ebsco%3Aplink%3Ascholar&id=ebsco%3Agcd%3A161108814&crl=c&link_origin=scholar.google.com
https://openurl.ebsco.com/EPDB%3Agcd%3A3%3A16772691/detailv2?sid=ebsco%3Aplink%3Ascholar&id=ebsco%3Agcd%3A161108814&crl=c&link_origin=scholar.google.com
https://doi.org/10.1016/0898-1221(94)00201-0
https://doi.org/10.1016/0898-1221(94)00201-0
https://doi.org/10.1016/j.mcm.2013.06.011
https://doi.org/10.1016/j.cam.2014.01.002
https://doi.org/10.1016/j.cam.2014.01.002
https://doi.org/10.1016/j.cam.2014.10.016
http://dspace.centre-univ-mila.dz/jspui/handle/123456789/1512
https://doi.org/10.1155/2022/4554065
https://doi.org/10.1155/2022/4554065

810 International Journal of Robotics and Control Systems ISSN 2775-2658
Vol. 5, No. 2, 2025, pp. 794-812
[28] A. Bouchenak, M. Al Horani, J. Younis, R. Khalil, and M. A. Abd El Salam, “Fractional Laplace trans-

[29]

(30]

(31]

(32]

(33]

[34]

[35]

[36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]

form for matrix valued functions with applications,” Arab Journal of Basic and Applied Sciences, vol. 29,
no. 1, pp. 330-336, 2022, https://doi.org/10.1080/25765299.2022.2127458.

M. Abu Hammad and R. Khalil, “Fractional Fourier series with applications,” American Journal of Com-
putational and Applied Mathematics, vol. 4, no. 6, pp. 187-191, 2014, https://doi.org/10.5923/j.ajcam.
20140406.01.

A. Bouchenak, R. Khalil, and M. AlHorani, “Fractional Fourier series with separation of variables and
its application on fractional differential equations,” WSEAS Transactions on Mathematics, vol. 20, pp.
461-469, 2021, https://doi.org/10.37394/23206.2021.20.48.

M. Aljazzazi, A. Bouchenak, S. Momani and M. Al-Smadi, “Elimination of the Nondifferentiation
Problem and the Discontinuity Problem by the Conformable Definition.,” 2023 International Confer-
ence on Fractional Differentiation and Its Applications (ICFDA), pp. 1-5, 2023, https://doi.org/10.1109/
ICFDA58234.2023.10153259.

A. Bushnaque, M. AlHorani, and R. Khalil, “Tensor product technique and atomic solution of fractional
Bateman-Burger equation,” Journal of Mathematics and Computer Science, vol. 11, no. 1, pp. 330-336,
2021, https://doi.org/10.28919/jmcs/5139.

R. Khalil, M. Al Horani, and M. Abu Hammad, “Geometric meaning of conformable derivative via
fractional cords,” Journal of Mathematics and Computer Science, vol. 19, pp. 241-245, 2019, https:
//doi.org/10.22436/jmcs.019.04.03.

A. Al-Nana, I. M. Batiha, 1. H. Jebril, S. Alkhazaleh, and T. Abdeljawad, “Numerical solution of con-
formable fractional periodic boundary value problems by shifted Jacobi method,” International Jour-
nal of Mathematical, Engineering and Management Sciences, vol. 10, no. 1, pp. 189-206, 2025,
https://doi.org/10.33889/IIMEMS.2025.10.1.011.

M. Aljazzazi, F. Seddiki, I. M. Batiha, I. H. Jebril, A. Bouchenak, and R. I. Hajaj, “Impulsive conformable
evolution equations in Banach spaces with fractional semigroup,” Filomat, vol. 38, no. 26, pp. 9321-9332,
2024, https://doi.org/10.2298/FI1L.2426321A.

M. Abu Hammad, I. H. Jebril, I. M. Batiha, and A. M. Dababneh, “Fractional Frobenius series solutions
of confluent a-hypergeometric differential equation,” Progress in Fractional Differentiation and Applica-
tions, vol. 8, no. 2, pp. 297-304, 2022, https://doi.org/10.18576/pfda/080209.

G. Farraj, B. Maayah, R. Khalil, and W. Beghami, “An algorithm for solving fractional differential equa-
tions using conformable optimized decomposition method,” International Journal of Advances in Soft
Computing and Its Applications, vol. 15, no. 1, pp. 187-196, 2023, https://doi.org/10.15849/1IJASCA.
230320.13.

M. Berir, “Analysis of the effect of white noise on the Halvorsen system of variable-order fractional
derivatives using a novel numerical method,” International Journal of Advances in Soft Computing and
its Applications, vol. 16, no. 3, pp. 294-306, 2024, https://doi.org/10.15849/1IJASCA.241130.16.

N. R. Anakira et al., “An algorithm for solving linear and non-linear Volterra Integro-differential equa-
tions,” International Journal of Advances in Soft Computing & Its Applications, vol. 15, no. 3, pp. 77-83,
2023, https://doi.org/10.15849/1IJASCA.231130.05.

I. M. Batiha, N. Allouch, M. Shqair, I. H. Jebril, S. Alkhazaleh, and S. Momani, “Fractional approach
to two-group neutron diffusion in slab reactors,” International Journal of Robotics and Control Systems,
vol. 5, no. 1, pp. 611-624, 2025, http://dx.doi.org/10.31763/ijrcs.v5i1.1524.

A. Boudjedour et al., “A finite difference method on uniform meshes for solving the time-space fractional
advection-diffusion equation,” Gulf Journal of Mathematics, vol. 19, no. 1, pp. 156-168, 2025, https:
/ldoi.org/10.56947/gjom.v19i1.2524.

A. Bouchenak, 1. M. Batiha, M. Aljazzazi, 1. H. Jebril, M. Al-Horani, and R. Khalil, “Atomic exact
solution for some fractional partial differential equations in Banach spaces,” Partial Differential Equations
in Applied Mathematics, vol. 9, p. 100626, 2024, https://doi.org/10.1016/j.padiff.2024.100626.

S. Momani, I. M. Batiha, N. Djenina, and A. Ouannas, “Analyzing the stability of Caputo fractional
difference equations with variable orders,” Progress in Fractional Differentiation and Applications, vol.
11, no. 1, pp. 139-151, 2025, https://doi.org/10.18576/ptda/110110.

Ahmed Bouchenak (Study and Analysis of the Second Order Constant Coefficients and Cauchy-Euler Equations via

Modified Conformable Operator)


https://doi.org/10.1080/25765299.2022.2127458
https://doi.org/10.5923/j.ajcam.20140406.01
https://doi.org/10.5923/j.ajcam.20140406.01
https://doi.org/10.37394/23206.2021.20.48
https://doi.org/10.1109/ICFDA58234.2023.10153259
https://doi.org/10.1109/ICFDA58234.2023.10153259
https://doi.org/10.28919/jmcs/5139
https://doi.org/10.22436/jmcs.019.04.03
https://doi.org/10.22436/jmcs.019.04.03
https://doi.org/10.33889/IJMEMS.2025.10.1.011
https://doi.org/10.2298/FIL2426321A
https://doi.org/10.18576/pfda/080209
https://doi.org/10.15849/IJASCA.230320.13
https://doi.org/10.15849/IJASCA.230320.13
https://doi.org/10.15849/IJASCA.241130.16
https://doi.org/10.15849/IJASCA.231130.05
http://dx.doi.org/10.31763/ijrcs.v5i1.1524
 https://doi.org/10.56947/gjom.v19i1.2524
 https://doi.org/10.56947/gjom.v19i1.2524
https://doi.org/10.1016/j.padiff.2024.100626
https://doi.org/10.18576/pfda/110110

ISSN 2775-2658 International Journal of Robotics and Control Systems 811

Vol. 5, No. 2, 2025, pp. 794-812

[44]

[45]

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

(58]

I. M. Batiha et al., “Superlinear problem with inverse coefficient for a time-fractional parabolic
equation with integral over-determination condition,” Nonlinear Dynamics and Systems Theory,
vol. 24, no. 6, pp. 561-574, 2024, https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=
Superlinear+problem+with+inverse+coefficient+for+a+time-fractional+parabolic+equation+with+
integral+over-determination+condition&btnG=.

A. Al-Wadi, R. Saadeh, A. Qazza, and I. M. Batiha, “Mittag-Leffler functions and the Sawi transform: a
new approach to fractional calculus,” WSEAS Transactions on Mathematics, vol. 23, no. 1, pp. 827-835,
2024, https://doi.org/10.37394/23206.2024.23.85.

I. M. Batiha, O. Ogilat, I. Bendib, A. Ouannas, 1. H. Jebril, and N. Anakira, “Finite-time dynamics
of the fractional-order epidemic model: Stability, synchronization, and simulations,” Chaos, Solitons &
Fractals: X, vol. 13, p. 100118, 2024, https://doi.org/10.1016/j.csfx.2024.100118.

A. Benbrahim et al., “A priori predictions for a weak solution to time-fractional nonlinear reaction-
diffusion equations incorporating an integral condition,” Nonlinear Dynamics and Systems Theory,
vol. 24, no. 5, pp. 431-441, 2024, https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=A+
priori+predictions+for+a+weak+solution+to+time-fractional+nonlinear+reaction-diffusion+equations+
incorporating+an-+integral+condition&btnG=.

A. Bataihah, T. Qawasmeh, I. M. Batiha, I. H. Jebril, and T. Abdeljawad, “Gamma distance mappings
with application to fractional boundary differential equation,” Journal of Mathematical Analysis, vol. 15,
no. 5, pp. 99-106, 2024, https://doi.org/10.54379/jma-2024-5-7.

O. A. Almatroud, A. Hioual, A. Ouannas, and I. M. Batiha, “Asymptotic stability results of generalized
discrete time reaction diffusion system applied to Lengyel-Epstein and Dagn Harrison models,” Comput-
ers & Mathematics with Applications, vol. 170, pp. 25-32, 2024, https://doi.org/10.1016/j.camwa.2024.
06.028.

A. Zraiqat, I. M. Batiha, and S. Alshorm, “Numerical comparisons between some recent modifications
of fractional Euler methods,” WSEAS Transactions on Mathematics, vol. 23, no. 1, pp. 529-535, 2024,
https://doi.org/10.37394/23206.2024.23.55.

S. Momani, N. Djenina, A. Ouannas, and I. M. Batiha, “Stability results for nonlinear fractional differ-
ential equations with incommensurate orders,” IFAC-PapersOnLine, vol. 58, no. 12, pp. 286-290, 2024,
https://doi.org/10.1016/j.ifacol.2024.08.204.

I. M. Batiha et al., “On discrete FitzHugh—Nagumo reaction—diffusion model: stability and simulations,”
FPartial Differential Equations in Applied Mathematics, vol. 11, p. 100870, 2024, https://doi.org/10.1016/
j-padiff.2024.100870.

A. Zarour, I. M. Batiha, A. Ouannas, M. N. Lamya, and 1. Rezzoug, “Synchronizing chaos: exploring at-
tractive sets in a novel 4D hyperchaotic Lorenz model,” Advanced Mathematical Models & Applications,
vol. 9, no. 2, pp. 234-245, 2024, https://doi.org/10.62476/amma9234.

S. Momani, M. Shqair, I. M. Batiha, M. H. E. Abu-Sei’leek, S. Alshorm, and S. A. Abd El-Azeem, “Two
energy groups neutron diffusion model in spherical reactors,” Results in Nonlinear Analysis, vol. 7, no. 2,
pp. 160-173, 2024, https://monlinear-analysis.com/index.php/pub/article/view/379.

D. R. Anderson and D. J. Ulness, “Newly defined conformable derivatives,” Advances in Dynam-
ical Systems and Applications, vol. 10, no. 2, pp. 109-137, 2015, https://www.researchgate.net/
profile/Douglas- Anderson-9/publication/287216142 _Newly_Defined_Conformable_Derivatives/links/
569e53d908ae3bbb87bce643/Newly-Defined-Conformable-Derivatives.pdf.

M. Sahni et al., “Second order Cauchy Euler equation and its application for finding radial displacement
of a solid disk using generalized trapezoidal intuitionistic fuzzy number,” WSEAS Transactions on
Mathematics, vol. 18, pp. 37-45, 2019, https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=
Second+order+Cauchy+Euler+equation+and+its+application+for+finding+radial+displacement+of+a+
solid+disk+using+generalized-+trapezoidal+intuitionistic+fuzzy+number&btnG=.

W. H. Hayt Jr, J. E. Kemmerly, and S. M. Durbin, Engineering Circuit Analysis, McGraw-Hill
Higher Education, 2007, https://uodiyala.edu.iq/uploads/PDF%20ELIBRARY %20UODIYALA/EL96/
Hayt%20Engineering%20Circuit%20Analysis%208th%20txtbk.pdf.

J. L. Meriam, L. G. Kraige, and J. N. Bolton, Engineering Mechanics: Dynamics, John Wiley and Sons,
2020, https://books.google.co.id/books?id=0B7zDwAAQBAJ&hl=id&source=gbs_navlinks_s.

Ahmed Bouchenak (Study and Analysis of the Second Order Constant Coefficients and Cauchy-Euler Equations via

Modified Conformable Operator)


https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=Superlinear+problem+with+inverse+coefficient+for+a+time-fractional+parabolic+equation+with+integral+over-determination+condition&btnG=
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=Superlinear+problem+with+inverse+coefficient+for+a+time-fractional+parabolic+equation+with+integral+over-determination+condition&btnG=
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=Superlinear+problem+with+inverse+coefficient+for+a+time-fractional+parabolic+equation+with+integral+over-determination+condition&btnG=
https://doi.org/10.37394/23206.2024.23.85
https://doi.org/10.1016/j.csfx.2024.100118
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=A+priori+predictions+for+a+weak+solution+to+time-fractional+nonlinear+reaction-diffusion+equations+incorporating+an+integral+condition&btnG=
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=A+priori+predictions+for+a+weak+solution+to+time-fractional+nonlinear+reaction-diffusion+equations+incorporating+an+integral+condition&btnG=
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=A+priori+predictions+for+a+weak+solution+to+time-fractional+nonlinear+reaction-diffusion+equations+incorporating+an+integral+condition&btnG=
https://doi.org/10.54379/jma-2024-5-7
https://doi.org/10.1016/j.camwa.2024.06.028
https://doi.org/10.1016/j.camwa.2024.06.028
https://doi.org/10.37394/23206.2024.23.55
https://doi.org/10.1016/j.ifacol.2024.08.204
https://doi.org/10.1016/j.padiff.2024.100870
https://doi.org/10.1016/j.padiff.2024.100870
https://doi.org/10.62476/amma9234
https://nonlinear-analysis.com/index.php/pub/article/view/379
https://www.researchgate.net/profile/Douglas-Anderson-9/publication/287216142_Newly_Defined_Conformable_Derivatives/links/569e53d908ae3bbb87bce643/Newly-Defined-Conformable-Derivatives.pdf
https://www.researchgate.net/profile/Douglas-Anderson-9/publication/287216142_Newly_Defined_Conformable_Derivatives/links/569e53d908ae3bbb87bce643/Newly-Defined-Conformable-Derivatives.pdf
https://www.researchgate.net/profile/Douglas-Anderson-9/publication/287216142_Newly_Defined_Conformable_Derivatives/links/569e53d908ae3bbb87bce643/Newly-Defined-Conformable-Derivatives.pdf
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=Second+order+Cauchy+Euler+equation+and+its+application+for+finding+radial+displacement+of+a+solid+disk+using+generalized+trapezoidal+intuitionistic+fuzzy+number&btnG=
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=Second+order+Cauchy+Euler+equation+and+its+application+for+finding+radial+displacement+of+a+solid+disk+using+generalized+trapezoidal+intuitionistic+fuzzy+number&btnG=
https://scholar.google.com/scholar?hl=id&as_sdt=0%2C5&q=Second+order+Cauchy+Euler+equation+and+its+application+for+finding+radial+displacement+of+a+solid+disk+using+generalized+trapezoidal+intuitionistic+fuzzy+number&btnG=
https://uodiyala.edu.iq/uploads/PDF%20ELIBRARY%20UODIYALA/EL96/Hayt%20Engineering%20Circuit%20Analysis%208th%20txtbk.pdf
https://uodiyala.edu.iq/uploads/PDF%20ELIBRARY%20UODIYALA/EL96/Hayt%20Engineering%20Circuit%20Analysis%208th%20txtbk.pdf
https://books.google.co.id/books?id=oB7zDwAAQBAJ&hl=id&source=gbs_navlinks_s

812 International Journal of Robotics and Control Systems ISSN 2775-2658
Vol. 5, No. 2, 2025, pp. 794-812

[59] M. M. S. Ahmed and H. H. Elkhlout, “Approximate solutions for Cauchy-Euler differential equations
with Riemann-Liouville’s fractional derivatives via Runge-Kutta techniques,” Journal of Humanitarian
and Applied Sciences, vol. 8, no. 16, 2023, https://khsj.elmergib.edu.ly/index.php/jhas/article/view/455.

[60] M. O. A. Younis and F. A. M. Madi, “A study on the solution of the Cauchy-Euler equations,’
African Journal of Advanced Pure and Applied Sciences, vol. 3, no. 1, pp. 155-162, 2024, https:
/Iwww.aaasjournals.com/index.php/ajapas/article/view/710.

Ahmed Bouchenak (Study and Analysis of the Second Order Constant Coefficients and Cauchy-Euler Equations via
Modified Conformable Operator)


https://khsj.elmergib.edu.ly/index.php/jhas/article/view/455
https://www.aaasjournals.com/index.php/ajapas/article/view/710
https://www.aaasjournals.com/index.php/ajapas/article/view/710

	Introduction
	Modified Conformable Calculus
	Second Order Linear Modified Conformable Differential Equations (MCDEs)
	Applications
	Conclusion

