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ABSTRACT

This paper presents a trajectory control system design for a quadcopter,
an unmanned aerial vehicle (UAV), which is based on estimated parame-
ters that are assumed to exhibit random walk behavior. Initially, the rota-
tional dynamic model of the UAV is formulated using the Newton Euler
method in terms of angular velocity about the x, y, and z axes. This model
is then simplified into three separated-first-order linear differential equa-
tions, with coefficients derived from the combined effects of inertia, aero-
dynamic drag, and gyroscopic effects, referred to as lumped parameters. A
Proportional-Integral (PI) controller with feed-forward design is then devel-
oped to control this simplified model. To adapt the controller to the lumped
parameters that exhibit random walk behavior, each simplified equation is
restructured into a processing and measurement model. The states of these
models are estimated by using the Unscented Kalman Filter (UKF). These
estimated values are then utilized to adjust the PI gains and compensate the
signal of the designed angular velocity controller, transforming it into an
adaptive controller. The entire UAV controller comprises two main parts,
an inner loop for adaptive angular rate control and an outer loop serving
as an attitude-thrust controller. The proposed controller is simulated us-
ing Simulink, with circular and square trajectories. The simulation results
demonstrate that the quadcopter successfully follows the desired circular
and square paths. The steady-state error for the x and y axes in the square
trajectory is less than 0.05 meters within 5 seconds, and for the z axis, it is
less than 0.02 meters within 2.5 seconds. The controller gains do not require
adjustment when changing trajectories. Moreover, the estimated parameters
remain nearly constant at steady state.

This is an open access article under the CC-BY-SA license.

1. Introduction

Quadcopters have been used as favorite vehicles to perform tasks which are dangerous or impos-
sible for humans to complete, such as photography, agriculture, surveillance, communications, search
and rescue operations, and military applications [1]-[4]. Within these operations, handling heavy
payloads and stabilizing horizontal and altitude tracking positions in predefined areas are the most
significant applications. To achieve these tasks, several control algorithms have been reported in the
literature [5]-[8]. The most common techniques are to control the quadcopter by linearizing the dy-
namic model around a hovering point and applying PID control techniques to allow UAV to follow the
desired paths as reported in [9]-[13]. This controller performs well for a step-desired path but strug-
gles when the trajectory deviates from the linearized point such as curving path. Nonlinear control
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algorithms such as feedback linearization, backstepping, sliding mode, model predictive controller as
studies in [13]-[22] employ complex computational approaches like the Lyapunov function to ensure
the errors of desired states asymptotically approach zero. Despite studies reporting the effectiveness
of these controllers for quadcopters to follow complex paths in simulations and physical experiments,
it is challenging to tune values that make the errors of the states approach zero while adhering to the
Lyapunov concept. Moreover, it is not adaptive when desired paths change. It is observed that all
the mentioned controllers, the structure of UAVs is symmetric, allowing the decoupling of moment
inertia to be canceled out, which simplifies the dynamic model calculation. No studies report the
control of rotational dynamic motion by any controllers. However, in practice, tracking performance
of quadcopter always suffers from uncertain parameters such as non-symmetry of structure design
or small structure deformation during operation which cause the decoupling of inertia occurring in
rotational dynamic motion, variation of payload with time caused by wind, changing paths or other
external disturbance.

The core controller in study is the adaptive controller for rotational dynamic model of UAV
where its structure is assumed to be non-symmetric or small deformation occurring during operation.
The rotational dynamic model of UAV is derived for angular velocity. Then it is simplified as first-
order linear differential equations, where their coefficients are lumped relevant parameters such wind
disturbance, inertia or gyroscopic effect and they behave random walking. A PI controller is proposed
to control the simplified equation. To estimated those lumped parameters which are changing, the
derived models are remodeled into nonlinear differential equation of processing model and measuring
model. The states of the remodels are to be estimated by the unscented Kalman filter (UKF) during
operation to use for tuning PI gains and to compensate the signal for angular velocity controller to
be adaptive. These PI gains and compensated values are changing according to the estimated values.
This responds to the mentioned uncertainties and it is also enable UAV to track different paths without
changing the controller gains. In this adaptive controller, the real model is preferred rather than the
simplified model.

The first contribution of this work is the derived rotational dynamic model and the first-order
simplified differential equation with the coefficients as lumped parameters. The second contribution
is the remodels of the simplified models for estimating the lumped parameters and the adaptive con-
troller that controls the angular velocity of the UAV to perform in three axes simultaneously. The
third contribution is the whole control system of the UAV that allows it to carry heavy payloads and
track many paths without changing the controller gains. .

The next parts of this paper are organized as follows. In Section 2, coordinate frame, trans-
formation matrix and derived rotational dynamic model of the UAV are established with lumped
parameters. In Section 3, the control system for the rotational dynamic model is presented, following
by implementation of UKF algorithm. The derived equation is remodeled to estimate the lumped
states and parameters for designing an adaptive control system for UAV to maneuver in three axis
simultaneously. In section 4, the entire process for designing controller is described. In Section 5, the
performances of the designed control system are assessed and the estimated parameters are discussed.
Conclusion is given in Section 6.

2. Flight Dynamics of Quadcopter

Quadcopter is a type of UAV that is able to fight vertically, forward, backward, rightward, left-
ward and hover by using the speed of four propellers to produce thrust and torques about x, y and z
axes. In this study, the four propellers are placed on (x− y) plane in cross-configuration as depicted
in Fig. 1. To eliminate coupling, the first and third propellers are paired and set to rotate in the same
anticlockwise direction, while the second and fourth propellers are paired and set to rotate in the same
clockwise direction. To manipulate the four typical maneuvers of quadcopter motion, the speed of
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each propeller is controlled as followings. For vertical motion, the speed of the four propellers is
increased or decreased to produce thrust that is greater or less than gravity. Backward and forward
motion are manipulated by increasing the speed of the second and third propellers faster or slower
than the speed of the first and fourth propellers. Rightward and leftward motion are manipulated by
increasing the speed of the first and second propellers faster or slower than the speed of the third
and fourth propellers [23] and [24]. In this study, the quadcopter is assumed to be non-symmetric
structure and may be deformation during operation, which cause the inertia decoupling and cannot
cancel out for rotational dynamic motion. Also, the center mass gravity of the quadcopter is assumed
to coincide with the center of geometry.

2.1. Coordinate Frames and Kinematic Equation of Motion

Motion of a quadcopter involves three main right-hand referent coordinate frames as shown
in Fig. 1. The North-East-Down (NED) orthogonal coordinate frame is set at a fixed earth frame
whose origin is the take-off point. This frame is also called an inertial coordinate frame FE =
(oE , xE , yE , zE) and used as reference for trajectory tracking.The Fb = (ob, xb, yb, zb) is a moving
orthogonal body frame whose origin is attached to the center mass of the UAV. In this frame, positive
obxb axis points out the front face, positive obyb axis points out the right side of UAV and positive
obzb axis points down the center gravity of earth. Another intermediate frame is the vehicle coordinate
frame Fv, whose origin coincides with the body frame but whose axes are aligned with the axes of
the inertial frame or NED frame [25] and [26]. Table 1 lists names of state variables and parameters
used in the study.

Fig. 1. Coordinate frames of quadcopter

Table 1. States and parameters

Symbols Definitions Units
X = (x, y, z)⊤ linear position vector in Fi m

Xd = (xd, yd, zd)
⊤ linear desired position vector in Fi m

η = (ϕ, θ, ψ)⊤ Angular position vector in Fv rad

V = (u, v, w)⊤ linear velocity vector in Fb m/s

ω = (p, q, r)⊤ Angular velocity vector in Fb rad/s

M = (Mx,My,Mz)
⊤ Moment vector in Fb N.s

D = (Dx, Dy, Dz)
⊤ Drag coefficient vector in Fb N.s/s2

g gravitational acceleration m/s2

m Total mass of UAV Kg

Transformation matrix from the vehicle frame Fv to the body frame Fb is given by three succes-
sive rotation matrices Rb

v(ϕ, θ, ψ), where η = (ϕ, θ, ψ)⊤ are commonly called Euler angles. The first
rotation is about z-axis by yaw angles ψ, the second rotation is about the moved y-axis by pitch angle
θ, and the final rotation is about moved x-axis by roll angle ϕ [27] and [28]. These rotation matrices
are defined as following,
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Rb
v(ψ) =

 cosψ sinψ 0
− sinψ cosψ 0

0 0 1

 ,Rb
v(θ) =

cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 ,Rb
v(ϕ) =

1 0 0
0 cosϕ sinϕ
0 − sinϕ cosϕ

 .
The transformation matrix Rb

v(ϕ, θ, ψ) from vehicle frame to body frame is defined as:

Rb
v(ϕ, θ, ψ) = Rb

v(ϕ)Rb
v(θ)Rb

v(ψ)

=

 cθcψ −cθsψ sθ
cϕsψ + sϕsθcψ cθcψ − sϕsθsψ sϕcθ
sϕsψ − cϕsθcψ sϕcψ + cϕsθsψ cϕcθ

 (1)

and transformation matrix Rv
b (ψ, θ, ϕ) from body frame to vehicle frame is defined as:

Rv
b (ψ, θ, ϕ) = Rb

v(ψ)Rb
v(θ)Rb

v(ϕ)

=

cθcψ sϕsθcψ − cϕsψ sϕsψ + cϕsθcψ
cθsψ cϕcψ + sϕsθsψ cϕsθsψ − sθcψ
−sθ sϕcθ cϕcθ

 (2)

where sx = sin(x), and cx = cos(x).

Relationship between linear velocity vector Ẋ = (ẋ, ẏ, ż)⊤ in initial frame and linear velocity
vector V = (u, v, w)⊤in body frame is carried out by using eq.(2) as following,

Ẋ =

ẋẏ
ż

 = RvbV = (Rbv)
⊤

uv
w


=

cθcψ sϕsθcψ − cϕsψ cϕsθcψ + sϕsψ
cθsψ sϕsθsψ + cϕcψ cϕsθsψ − sϕcψ
−sθ sϕcθ cϕcθ

uv
w

 (3)

Relationship between Euler angle rate η̇ = (ϕ̇, θ̇, ψ̇)⊤ and angular velocity ω = (ωx, ωy, ωz)
⊤ =

(p, q, r)⊤ is carried out as following,

pq
r

 =

ϕ̇0
0

+Rb
v(ϕ)

0θ̇
0

+Rb
v(ϕ)Rb

v(θ)

0
0

ψ̇


=

1 0 − sin θ
0 cosϕ sinϕ cos θ
0 − sinϕ cosϕ cos θ

ϕ̇θ̇
ψ̇

 . (4)

Inverting the eq.(4) gives

ϕ̇θ̇
ψ̇

 =

1 sin θ tan θ cosϕ tan θ
0 cosϕ − sin θ
0 sinϕ sec θ cosϕ sec θ

pq
r

 . (5)
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2.2. UAV Equation of Motion

The dynamic equations of the UAV are derived by using Newton’s second law of motion in
translational and rotational motions in the inertial fixed frame. The equations are given by:

F =
d(mV)

dti
, (6)

M =
d(Jω)

dti
, (7)

where F is the sum of all external force vector, m is the constant mass, V is translational velocity
vector, mV is the linear momentum vector, J is constant inertia vector, M is the sum of all external
moment vectors, ω is angular velocity vector, Jω is the angular momentum vector about the center
of gravity of the UAV. Since most measurements are made to be used in body frame, the expression
of these equations in the moving body frame is defined as follows,

Fb = m
dV

dtb
+ ω ×mV = mV̇ + ω ×mV (8)

Mb = J
dω

dtb
+ ω × Jω = Jω̇ + ω × Jω, (9)

where V and ω are defined in body frame.

2.3. Simplified Rotational Dynamic Model

To derive the rotational dynamic model of UAV into first order linear differential equation, the
rotational dynamic model in eq.(9) is rearranged into angular velocity form as below:

ω̇ =

ω̇xω̇y
ω̇z

 =

ṗq̇
ṙ

 = J−1 (−ω × Jω +Mb) (10)

where

ω =

ωxωy
ωz

 =

pq
r

 ,J =

 Jx −Jxy −Jxz
−Jxy Jy −Jyz
−Jxz −Jyz Jz

 ,

ω × =

 0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0

 ,M =

τxτy
τz

−

τaxτay
τaz

−

τgpxτgpy
τgpy

 ,
where τaxτay

τaz

 is aerodynamic torsional drag and

τgpxτgpy
τgpy

 is gyroscopic torque.

Here, we assume that structure of quadcopter is unsymmetry or when operation the UAV undergoes
small deformation which causes the structure of UAV become unsymmetry. This makes the decou-
pling moments of inertia Iab is not zero. Fully expanding the eq.(10) with their respective components
of the above matrix gives
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ṗq̇
ṙ

 =


1
Jx
(Jxyr − Jxzq)p

1
Jy
(Jyzp− Jxyr)q

1
Jz
(Jxzq − Jxyp)r

+


1
Jx
(τx)

1
Jy
(τy)

1
Jz
(τz)

+


1
Jx
(−τax − τgpx)

1
Jy
(−τay − τgpy)

1
Jz
(−τaz − τgpz)


+


1
Jx
{(Jy − Jz)rq + Jyz(q

2 − r2)− Jxy q̇ − Jxz ṙ}
1
Jy
{(Jy − Jx)rp+ Jxz(p

2 − r2)− Jxyṗ− Jyz ṙ}
1
Jz
{(Jy − Jx)pq + Jxy(q

2 − p2)− Jxz ṗ− Jyz q̇}

 . (11)

The key of estimating random walking parameters by using powerful filters such as UKF is to
group relevant unknown parameters and include them as parts of states of model. Then use that filter
to estimate their values. Since the body rate p, q, r of UAV are not vary significantly, to simplify the
rotational dynamics of UAV, let the following parameters into groups and randomly walk:

a =

axay
az

 =

−
1
Jx
(Jxyr − Jxzq)

− 1
Jy
(Jyzp− Jxyr

− 1
Jz
(Jxzq − Jxyp)

 , b =
bxby
bz

 =


1
Jx
1
Jy
1
Jz

 ,
c =

cxcy
cz

 =


1
Jx
(−τax − τgpx)− 1

Jx
{(Jy − Jz)rq + Jyz(q

2 − r2)− Jxy q̇ − Jxz ṙ}
1
Jy
(−τay − τgpy)− 1

Jy
{(Jy − Jx)rp+ Jxz(p

2 − r2)− Jxyṗ− Jyz ṙ}
1
Jz
(−τaz − τgpz)− 1

Jz
{(Jy − Jx)pq + Jxy(q

2 − p2)− Jxz ṗ− Jyz q̇}

 , τ =

τxτy
τz

 .
We propose to simplify eq.(9) as first order differential equations in term of angular velocities and
external moment as following about x-axis, y-axis and z-axis respectively,ω̇xω̇y

ω̇z

 =

−axωx + bxτx − cx
−ayωy + byτy − cy
−azωz + bzτz − cz

 (12)

where

a =

axay
az

 , b =
bxby
bz

 , c =
cxcy
cz

 are lumped parameters.

3. Adaptive Controller With Estimated Random Parameters

In the study [29] and [30], the authors derived and simplified the DC motor model into a first
order differential equation by lumping parameters. Extended Kalman Filter (EKF) and Unscented
Kalman Filter (UKF) were used to estimate those parameters which are constant values to design the
PD controllers in one axis rotational dynamic motion by using root locus techniques. In this study,
the lumped parameters ax, bx, cx, ay, cy, cy, az, bc, cz are not constants but they are randomly walking
according to J, p, q, r, ṗ, q̇ as well as ṙ. To deal with these behaviors, the study uses parameters es-
timated from the simplified rotational dynamic model eq.(12) to design rotational dynamic controller
for quadcopter flying in three axes simultaneously by deploying UKF to estimate the above random
parameters.

3.1. Rotational Dynamic Controller

In the general form of simplified dynamic model shown in eq.(13), the parameters a, b and c are
unknown random walking parameters to be estimated, u is input and ω is output,

ω̇ = −aω + bu− c. (13)
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This study proposes a PI controlling system as shown in Fig. 2 to control the output ω for rotational
dynamic model in eq.(13). It is observed that the term c

b is compensated in the controller signal to
cancel the term (−c) in the dynamic model. The expression a

bωd and 1
b ω̇d are used to adjust the terms

ωd and ω̇d into the error and time derivative error for the controlling purpose.The simplified dynamic
model eq.(13) in the block diagram can be written as,

ω̇ = −aω + bkpeω + bki
eω
s

+ aωd + ω̇d.

Take time derivative on both sides of above equation and let ėω = ωd − ω, ëω = ω̇d − ω̇, we obtain
the standard form of second order differential as following,

ëω + (a+ bkp)ėω + bkieω = 0

ëω + 2ξωnėω + ω2
neω = 0

where damping ratio ξ = a+ bkp and natural frequency ωn =
√
bki. The gains of the PI controllers

can be tuned with kp = 2ξωn−a
b , ki =

ω2
n
b by choosing damping ratio such as ξ = 1 when the system

is critically damped and fastest response together with appropriate natural frequency ωn as discussed
in the studies [31] and [32].

Fig. 2. Rotational dynamic controller

3.2. Unscented Kalman Filter

In this study, we prefer to use the Unscented Kalman Filter(UKF) rather than other filters is that
the UKF is able to estimate states of a discrete system that behaves high nonlinearity and respond
fast stability. It provides stable estimated parameters in short period that is suitable for online control
such UAV dynamic motion. It has been popularly used to estimate the states of UAVs as reported in
[33]-[36]. The state space model in discrete system form is defined as:

xk = F (xk−1, uk−1) +
√
Qdvk−1

yk = H(xk, uk) +
√
Rwk

where xk is state, yk is the measurement, F is the nonlinear system model, H is the nonlinear mea-
surement model, Qd is the process noise covariance, vk is th process noise, R is the measurement
noise covariance, and wk is the measurement noise. As studies in [37]-[39], the UKF algorithm is
defined through unscented transformation (UT) to propagate a random variable X (dimensional L)
through a nonlinear function Y = g(X), in which X has mean X̄ and covariance P x. To obtain
statistical values of Y , create a matrix X of (2L+ 1) sigma vectors Xi corresponding to weights Wi

Sophyn Srey (Adaptive Controller Based on Estimated Parameters for Quadcopter Trajectory Tracking)
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as follows:

X0 = X̄

Xi = X̄ + (
√
(L+ λ)PX)i i = 1, ..., L

Xi = X̄ − (
√
(L+ λ)PX)i i = L+ 1, ..., 2L

W
(m)
0 =

λ

L+ λ

W
(c)
0 =

λ

L+ λ+ 1− α2 + β

W i
m =

1

2(L+ λ)
i = 1, ..., 2L

where λ = α2(L + k)L is a scaling parameter. The estimated measurement matrix Yi is computed
by transforming the sigma vectors X through the nonlinear measurement model as follows:

Yi = H(Xi) i = 0, ..., 2L.

The mean measurement and covariance measurement for Y are approximated by using a weighted
sample mean and covariance of the posterior sigma points as follows:

Ȳ ≈
2L∑
i=0

W
(m)
i Yi, PY ≈

2L∑
i=0

W
(c)
i {Yi − Ȳ }{Yi − Ȳ }T

The UKF algorithm is computed as follows:

• Initialize

X̂0 = E[X0]P 0 = E[(X0 − X̂0)(X0 − X̂0)
T ]

• Calculate sigma points for k ∈ {1, ...,∞}

Xk−1|k−1 =
[
X̂k−1|k−1 X̂k−1|k−1 ±

√
(L+ λ)P a

k−1|k−1

]
• Time update

Xk|k−1 = F [Xk−1,X v
k−1]

X̂k|k−1 =

2L∑
i

W
(m)
i Xi,k|k−1

Pk|k−1 =
2L∑
i

W
(c)
i [Xi,k|k−1 − X̂k|k−1][Xi,k|k−1 − X̂k|k−1]

T

Yk|k−1 = H[Xk−1,X n
k−1]

Ŷk|k−1 =

2L∑
i

W
(m)
i Yi,k|k−1
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• Measurement update

Pỹkỹk =

2L∑
i

W
(c)
i [Yi,k|k−1 − Ŷk|k−1][Yi,k|k−1 − Ŷk|k−1]

T

Pxkyk =
2L∑
i

W
(c)
i [Xi,k|k−1 − X̂k|k−1][Yi,k|k−1 − Ŷk|k−1]

T

K = PxkykP
−1
ỹkỹk

X̂k = X̂k|k−1 +K(Yk − Ŷk|k−1)

Pk = Pk|k−1 −KPỹkỹkK
T

3.3. Adaptive Control With Estimated Parameters

To estimate parameters a, b and c in eq.(13) for designing adaptive controller, the derived model
is remodeled as the nonlinear differential system equation by letting x1 = ω, x2 = a, x3 = b, x4 = c
as states. The continuous-discrete stochastic nonlinear equation for processing model and measuring
model is obtained as follows:

ẋ1
ẋ2
ẋ3
ẋ4

 =


x1x2 + x3u− x4

0
0
0

+
√
Qcv(t)

[y]k =
[
1 0 0 0

] 
x1
x2
x3
x4


k

+
√
Rwk.

(14)

Then, the processing model and measurement model in eq.(14) are discretized as follows:
x1
x2
x3
x4


k

=


x1
x2
x3
x4


k−1

+ Ts


x1x2 + x3u− x4

0
0
0


k−1

+
√
TsQcvk−1

[y]k =
[
1 0 0 0

] 
x1
x2
x3
x4


k

+
√
Rwk.

(15)

To estimate lumped parameters for designing the adaptive controller, the UKF algorithm is placed
after the angular velocity signal in Fig. 2 . Then, the adaptive rotational dynamic controller is obtained
by replacing parameter a, b and c with the estimated states x2, x3 and x4 as shown in Fig. 3. Since
the estimated states change according to UAV motion, the controller gains and compensated values
which are obtained by the above estimated values also changes accordingly. This make the controller
adaptive to the UAV motion. The first order filter block ẋ = 1

λ(x + x̂) as studied in [40] is used to
smooth the estimated parameters to tune the controller gains kp and ki and compensated values for
controlling . Here unlike the controller in Fig. 2, the real dynamic model of angular velocity eq.(10)
is preferred to the derived model. The output angular velocity ω is discretized into a measuring model
to use as input signal adding to the output controlling signal u for the UKF block.The components
of estimated parameter x̂, the estimated angular velocity x̂1 is used to feedback the desired angular
velocity ωd, the estimated parameters x̂2, x̂3 and x̂4 are used as input signal for the filter.
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The effectiveness of the designed controller is confirmed by simulating results in Fig. 4, in which
the estimated random parameters are plotted against the filtered parameters. The following parameters
are used the simulation: J = [0.5 − 0.1 − 0.15;−0.10.5 − 0.2;−0.15 − 0.20.5]⊤, Qc = 1e − 6 ∗
diag([1; 0.1; 0.1; 0.1]);R = 1e − 4, desired angular velocity is sine wave ωd = 1.8sin(4t)(rad/s),
the two other moments uy = sin(5t)(N.m), uz = sin(3t)(N.m), ξ = 1, and ωn = 2×π×5(rad/s).
After 4 second, the estimated values x̂2, x̂3, x̂4, ωest are stably walking in the bounded finite interval
while the filtered values are smoothly following those estimated values. The error between desired
and estimated angular velocity is very decent, eω ≈ 0.008(rad/s).

Fig. 3. Adaptive controller with estimated parameters

Fig. 4. Estimated parameters x̂2, x̂3, x̂4, ω

4. Controller System of Quadcopter

The entire controller of quadcopter consists five blocks, namely, desired trajectory controller,
attitude-thrust controller, angular rate controller, adaptive controller, and translational kinematic,
which are illustrated in Fig. 5. Each block controller consists of controlling techniques which will
be described in the following subsections. The adaptive controller block consists of 3 three adaptive
controllers as shown in Fig. 3 for controlling rotational motion about x, y and z axes simultaneously.

4.1. Desired Trajectory Controller

The desired trajectory controller block is designed to generate desired trajectoryXd = (xd, yd, zd)
⊤

and desired yaw angle ψd as study in [41] and [42]. The desired trajectory Xd can be a line, circular,
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spiral paths in plane or in space as required by operation. It can be adjusted by a first order filter or
second order filter so that the controller can follow the paths. The desired yaw angle ψd can be de-
fined according to the requirement of the trajectory. It will be used as the input signals for the attitude
and thrust controller block. In this study, as illustrated in Fig. 6, the yaw angle ψd is determined as
follows:

ψd = tan−1

(
yi − yi−1

xi − xi−1

)
,

where (xi−1, yi−1) is the current position, (xi, yi) is the next position of the UAV path in the initial
frame [43]-[45].

Fig. 5. Quadcopter controller

Fig. 6. Desired yaw angle ψd

.

4.2. Attitude and Thrust Controller

The attitude and thrust controller is built as shown in Fig. 7. According to Newton’s second
law of motion and the transformation of matrix eq.(2), the translational motion of UAV with mass m,
which is moved by force Ft = Ft(0, 0, 1)

⊤ in body frame, can be expressed in terms of acceleration
Ẍd = (ẍd, ÿd, z̈d)

⊤ and Euler angle ηd = (ϕd, θd, ψd)
⊤ in inertial frame as follows:

mẌd = Rv
bFt +m

00
g


m

ẍdÿd
z̈d

 = −Ft

cϕdsθdcψd
+ sϕdsψd

cϕdsθdsψd
− sϕdcψd

cϕdcθd

+m

00
g

 . (16)
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To solve for ϕd and θd, the equation eq.(16) is arranged as following expression,

ẍd =
−Ft
m

(cϕdsθdcψd
+ sϕdsψd

) (16-a)

ÿd =
−Ft
m

(cϕdsθdsψd
− sϕdcψd

) (16-b)

g − z̈d =
−Ft
m

cϕdcθd . (16-c)

As studied in[43]-[48], the desired roll ϕd and pitch θd angles are obtained by performing below
calculating :

−(16-a)cψd
− (16-b)sψd

(16-c)
⇒ θd = tan−1

(
ẍdcψd

− ÿdsψd

g − z̈d

)
−(16-a)sψd

+ (16-b)cψd

(16-c)
⇒ ϕd = tan−1

(
ẍdsψd

− ÿdcψd

g − z̈d
cθd

)
.

From the third row of eq.(16), the magnitude of the thrust is Ft = m(−z̈d + g)/(cϕdcθd).

To control the thrust, this study defines PD controller by adding it into acceleration z̈d to control
the total thrust as following,

T = m(−z̈d − kptez − kdtėz + g)/(cϕdcθd) (17)

where kpt, kdt are PD controller gains that can be tuned as described in study [49], ez = zd − z is
the altitude error, and ėz = żd − ż is the time derivative of the error ez . The desired acceleration
z̈d, the attitude error ez and the derivative of attitude error ėz in the thrust controller eq.(17), will be
computed in the following attitude and thrust controller block. As shown in the block diagram in Fig.
7, the attitude and thrust controller are composed of a position controller and a velocity controller in
Cascade controlling method.

Fig. 7. Attitude and Thrust controller

As study in [50]-[52], PD controller is defined to control desired position Xd with output signal
as velocity Ẋd. Then, the output velocity Ẋd is used as input signal to another PD controller to control
the velocity Ẋd with the output signal as the desired acceleration Ẍd. The attitude error ez and the
derivative of attitude error ėz are also obtained in the position controller and velocity controller.

4.3. Angular Rate Controller

The angular rate controller is built as shown in Fig. 8. The yaw rate is defined by P controller and
it is compensated with the time derivative of desired yaw angle.The roll rate and pitch rate are also
defined by the PD controllers. Finally, ϕd, θd, ϕ̇d, θ̇d, ψ̇d are determined. Then, the desired angular
velocity or desired body rate is calculated by using kinematic equation of motion in eq.(4) as follows:ωxdωyd

ωzd

 =

pdqd
rd

 =

1 0 − sin θd
0 cosϕd sinϕd cos θd
0 − sinϕd cosϕd cos θd

ϕ̇dθ̇d
ψ̇d

 .
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Fig. 8. Angular rate controller

4.4. Kinematics and Dynamics

Since drag D is always presenting in UAV translational motion, the total external force acting on
UAV is obtained as:

Fb = mgb + Fd −T.

From the rotational transformation matrix Rb
v(ϕ, θ, ψ) in eq.(1), the dynamics model eq.(7) in body

frame becomes

mgb + Fd −T = mV̇ + ω ×mV.

Expressing this equation in terms of acceleration V̇ gives

V̇ = −ω ×V + gb +
1

m
(Fd −T)u̇v̇

ẇ

 =

 0 r −q
−r 0 p
q −p 0

uv
w

+ g

−sθsϕcθ
cϕcθ

 +
1

m

Dx 0 0
0 Dy 0
0 0 Dz

uv
w

−

0
0
T

 . (18)

As observing eq.(18), the total acceleration is the sum of gyroscopic, gravitational, drag, and
mass acceleration on UAV. To compute the states X = (x, y, z)⊤ of UAV in initial frame, the block
diagram of translational dynamics is obtained and arranged as Fig. 9.

Fig. 9. Kinematics and Dynamics

The Euler angle state η = (ϕ, θ, ψ)⊤ is obtained by using transformation matrix eq.(5) with body

rate ω = (p, q, r)⊤ as the input, and adding the results with the integrator
1

s
with zero initial condition.

The velocity state V = (u, v, w)⊤ in body frame is obtained by implementing eq.(18) and adding

results with integrator
1

s
with zero initial condition. The position state X = (x, y, z)⊤ is obtained by
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using kinematic relationship eq.(3) on V = (u, v, w)⊤ to become Ẋ = (ẋ, ẏ, ż)⊤ in the initial frame

and adding results with integrator
1

s
with zero initial condition. Then, the state X = (x, y, z)⊤ is

used to feedback the desired path Xd = (xd, yd, zd)
⊤ in the altitude thrust controller in Fig. 7.

5. Simulation and Results

In the quadcopter controller system in Fig. 5, the rotational adaptive controller plays a core
controller for trajectory tracking. It is designed by considering relevant uncertainties such as inertia,
angular rate, aerodynamic drag, gyroscopic effect in the rotational dynamics as lamped parameters
to be estimated by UKF during the UAV operation for designing controller as illustrated in Fig. 3.
To verify the effectiveness of the proposed controller, the circular trajectory and square trajectory are
used for simulation. The results of trajectory tracking, estimated parameters, and angular velocity are
depicted and observed. The controller gains in the controller blocks used in the simulation are listed
in Table 2. The parameters such as translational motion drag, model noise used in the simulation are
listed in Table 3.

Table 2. Controller gains used in simulation

Name of controllers Description
Proportional gain Kp Integral gain Ki Derivative gain Kd

Position 0.75 0 0.02
Velocity 0.85 0.02 0
Thrust 11.52 0 4.8
Yaw rate 1 0 0
Roll rate 6 0 0.2
Pitch rate 6 0 0.2

Adaptive 2ξωn−a
b

ω2
n
b

0

Table 3. Constant parameters used in simulation

Name of parameters Description
Symbol Value Units

Drag coefficient D (2.5, 2.5, 2.3)⊤ N.s/s2

Gravitational acceleration g 9.81 m/s2

Total mass of UAV m 76 Kg
Sampling time Ts 0.02 s
Natural frequency ωn 6π rad/s
Damping ratio ξ 1 -
Filter constant λ 2 -
Model noise Qc 1e− 3 ∗ diag([10; 1; 1; 1]) -
Measurement noise R 1e− 4 ∗ diag([2; 2]) -

5.1. Circular Trajectory

For the circular trajectory, the following desired path is chosen for UAV to track for 25 seconds
in the simulation,

xd(t) = 8cos(
π

8
)t (m)

yd(t) = 8cos(
π

8
)t (m)

zd(t) = −10 (m).

Results of the circular trajectory tracking are depicted in Fig. 10. The designed controller allows the
UAV to successfully track the desired path from 10 seconds. The steady state errors for x axis and
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y axis are less than 0.04 m, the altitude state starts to reach the desired state from 2.5 seconds while
the steady state errors is less than 0.02 m. The altitude error is very small, enough to keep the UAV
stable with low vibration.

(a) Circular trajectory in plane against times (b) Trajectory in space

Fig. 10. Circular in space view

Results of parameter estimation for circular trajectory are depicted in Fig. 11 (a), (b) and (c), in
which the estimated random parameters are plotted against the filtered ones. At less than 5 seconds,
the estimated parameters have very big variation due to the nature of UKF algorithm which does not
work well for first short period. This variation is smoothed by the first order filter for the controller
to work properly. After that period, the estimated parameters are very smooth and almost constant as
the UKF algorithm works well.

The results of the angular velocity estimation for circular trajectory are depicted in Fig. 11 (d),
in which the angular velocities of the UAV are plotted against the estimated ones. At less than 5
seconds, the estimated parameters have very big variation due to the nature of UKF algorithm which
does not work well for first short period. After that period, the estimated angular velocities reach the
angular velocities of the UAV and almost constant as the UKF algorithm works well. The previously
mentioned variation of the angular velocity is not so significant that makes sense of the study to use
the concepts of the random walking parameters.

5.2. Square Trajectory

For the square trajectory, the following desired path is chosen for UAV to track during 40 seconds
in the simulation.

x(t) =


0 t < 10

−10 + t (m) 10 ≤ t < 20

10 (m) 20 ≤ t < 30

40− t (m) 30 ≤ t < 40

y(t) =


t (m) t < 10

10 (m) 10 ≤ t < 20

30− t (m) 20 ≤ t < 30

0 (m) 30 ≤ t < 40

z(t) = −8 (m)

The results of the square trajectory are depicted in Fig. 12. The designed controller allows UAV

Sophyn Srey (Adaptive Controller Based on Estimated Parameters for Quadcopter Trajectory Tracking)



ISSN 2775-2658 International Journal of Robotics and Control Systems
Vol. 4, No. 1, 2024, pp.353-374

495

(a) ax, bx, cx estimation (b) ay, by, cy estimation

(c) az, bz, cz estimation (d) Angular velocity

Fig. 11. Estimated random parameters for circular trajectory

to successfully track the desired path from 5 seconds. Although trajectory path in horizontal plane
changes π/2 radians, which causes overshoot, the steady state errors for x axis and y axis are less
than 0.05 m and the altitude state starts to reach the desired state from 2.5 seconds with the steady
state errors of less than 0.02 m. The altitude error is very small. This keeps the UAV stable with low
vibration.

The results of the parameter estimation for square trajectory are depicted in Fig. 13(a), (b) and
(c), in which the estimated random parameters are plotted against the filtered ones. At less than 5
seconds, the estimated parameters have very big variation due to the nature of UKF algorithm which
does not work well for first short period of time. This variation is smoothed by the filter for the
controller to work properly. After that period, the estimated parameters a and c are very smooth,
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(a) Square trajectory in plane against
times

(b) Trajectory in space

Fig. 12. Square trajectory in space view

and almost constant as UKF algorithm works well. The estimate parameter b keeps changing slightly
in correspond to the changing of path angle, and it is smoothed by the filter. The angular velocity
estimation for square trajectory are depicted in Fig. 13(d), in which the angular velocities of the UAV
are plotted gain the estimated ones. At less than 2 seconds, the estimate parameters have very big
variation due to the nature of UKF algorithm which does not work well for first short period. After
that period the estimated angular velocities reach the actual angular velocities of the UAV and almost
constant, except at the change of trajectory direction by π/2 radians. This consequence corresponds
with the results of the trajectory in Fig. 12. The previously mentioned variation of the angular
velocity is not so significant that makes sense of the study to use the concepts of the random walking
parameters.

(a) ax, bx, cx estimation (b) ay, by, cy estimation

(c) az, bz, cz estimation (d) Angular velocity

Fig. 13. Estimated random parameters for square trajectory

Sophyn Srey (Adaptive Controller Based on Estimated Parameters for Quadcopter Trajectory Tracking)



ISSN 2775-2658 International Journal of Robotics and Control Systems
Vol. 4, No. 1, 2024, pp.353-374

497

6. Conclusion and future work

In this study, the trajectory tracking controller of UAV is proposed. The rotational dynamic
motion is derived and simplified into first order differential equation where their coefficients are
the lumped parameters of wind disturbance, angular rate, inertia or gyroscopic effect. Then, the
rotational controller is designed to control the simplified angular velocity.The simplified model is
remodeled into processing and measuring model for estimating the lumped parameters which are used
for tuning PI gain and compensating signal in the rotational dynamic controller to be adaptive. Also,
in the adaptive controller, the rotational model of UAV is used and UKF algorithm is implemented to
estimate those lumped parameters which are random walking which are smoothed by the first order
filter in three axis rotations simultaneously. The whole system controller of quadcopter is designed
by adding desired trajectory controller, attitude-thrust controller, and angular rate controller to the
adaptive controller. The circular trajectory path and square trajectory paths are used to simulate the
controller to assess the performance of controller on tracking, variations of the estimated random
parameters and angular velocity of UAV. From the results of the simulation, it is observed that the
controllers are performing well for both paths. The states of UAV reach the desired state about 10
seconds on both paths with very small errors. The estimated random parameters at first 3 seconds
inhibits high variation due to UKF working behaviors. This is smoothed by the first order filter.
After that period, the estimated parameters are not much walking away from the actual ones which
almost remain constant. The variation of estimated parameters and the angular velocities behave
correspondingly to the changing of the trajectory path. These behaviors allow the adaptive controller
to works efficiently.

For the future expansion, the adaptive rotational dynamic controller will be first verified by exper-
iment with an apparatus which is designed for UAV rotational motion by using Pixhawk 4 controller.
Then the real experiments for trajectory tracking will be conducted to assess the performance of the
controller and state estimation.
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