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remains a pressing challenge. The Susceptible-Infected-Recovery (SIR)
model, a fundamental tool in epidemiology, offers insights into disease
dynamics. The SIR system exhibits complex nonlinear relationships
between the input variables (e.g., population, infection rate, recovery rate)
and the output variables (e.g., the number of infected individuals over
time). We employ Recurrent Neural Networks (RNNs) to model the SIR
system due to their ability to capture sequential dependencies and handle
time-series data effectively. RNNs, with their ability to model nonlinear
functions, can capture these intricate relationships, enabling accurate
predictions and understanding of the dynamics of the system. Additionally,
we apply the Pontryagin Minimum Principle (PMP) based different control
strategies to formulate an optimal control approach aimed at maximizing
the recovery rate while minimizing the number of affected individuals and
achieving a balance between minimizing costs and satisfying constraints.
This can include optimizing vaccination strategies, quarantine measures,
treatment allocation, and resource allocation. The findings of this research
indicate that the proposed modeling and control approach shows potential
for a comprehensive analysis of viral spread, providing valuable insights
and strategies for disease management on a global level. By integrating
epidemiological modeling with intelligent control techniques, we
contribute to the ongoing efforts aimed at combating infectious diseases on
a larger scale.

This is an open-access article under the CC—BY-SA license.

1. Introduction

The field of epidemiology, which focuses on the patterns and dynamics of diseases within
populations, plays a crucial role in comprehending and tackling infectious diseases. This field has
become increasingly essential as new theories and explanations for epidemics emerge [1]. Since the
emergence of COVID-19 in early 2020, the world has faced an unprecedented challenge characterized
by an atypical pneumonia outbreak. COVID-19 not only poses a significant threat to public health but
also exerts substantial economic pressure worldwide. The complexities of diagnosing and treating
COVID-19 present formidable challenges for healthcare professionals. The foundation of modern
epidemiological modeling traces back to the pioneering work of Kermack and McKendrick, who
introduced compartmental epidemic models, including the Susceptible-Infection-Recovery (SIR) and
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Susceptible-Exposed-Infectious-Recovery (SEIR) models [2]. The SIR model, particularly suited for
simulating diseases that confer lifelong immunity post-recovery, remains a primary choice in
infectious disease modeling [3]. In the realm of parameter identification for epidemic models,
traditional computation offers two primary approaches: least squares-based methods [4] and gradient-
based methods [5]. While these methods have proven effective in various applications, they are not
without limitations. Least squares methods struggle with time-variant parameters, while gradient-
based methods often require heuristic gain adjustments to achieve convergence. Recognizing these
limitations is crucial when selecting parameter identification strategies, as alternative methods may
be necessary to ensure accuracy, especially when dealing with dynamic parameters or convergence
challenges [6]. Artificial Neural Networks (ANNs) emerge as valuable tools for enhancing the
diagnosis of COVID-19. ANNs offer the potential to improve diagnostic accuracy and speed,
facilitating timely screening, treatment, and vigilant monitoring. This study leverages Recurrent
Neural Networks (RNNs) to propose an estimation method for epidemic models, benefiting from the
network's optimization capabilities. Notably, RNNs eliminate the need for heuristic gain adjustments,
drawing inspiration from gradient-based approaches. Previous applications of this neural network
estimation technique have yielded promising results in other domains, such as robotics [7].
Preliminary investigations with real data have also shown promise [8]-[9]. Our primary objective is
to present an efficient and versatile neural network-based approach for elucidating human control
strategies within epidemic disease models. We seek a neural network architecture capable of modeling
dynamic SIR systems effectively [10]. Furthermore, optimal control theory offers a robust
mathematical framework for effectively managing and mitigating the spread of a wide range of
diseases. Optimal control involves determining the best trajectory for a dynamic system through time,
considering state and input controls, to minimize or maximize a performance index [11]-[12]. The
Pontryagin Minimum Principle (PMP), a cornerstone of optimal control theory, aids in determining
the optimal path for transitioning the SIR model from one state to the next, particularly when
constraints are imposed on state or input controls [13]. The remainder of this paper is organized as
follows: Section 2 introduces the mathematical tools in Real-World Disease Control and Prevention .
Section 3 delves into the control methodology, and Section 4 presents simulation results. Section 5
showcases the graphical user interface (GUI) for SIR optimal control strategies, and Section 6
concludes our study.

2. Mathematical Tools in Real-World Disease Control and Prevention

Mathematical tools play a crucial role in real-world disease control and prevention by offering
quantitative frameworks and computational methods. These tools assist in evidence-based decision-
making, optimize control strategies, analyze data, forecast disease trends, and allocate resources
effectively. By enhancing our understanding of epidemic dynamics and supporting policy
development, mathematical tools contribute to more efficient and effective public health interventions.

2.1. Mathematical Model of SIR

The last few years have seen a significant increase in interest in epidemic mathematical models
inside various formal frameworks [14]-[15]. Some of these models are expressed using dynamic
systems, control theory, differential, difference, and hybrid equations [16]-[23], information theory,
[24], etc. Modeling infectious illnesses is a fascinating area of mathematical biology. The models give
a clear framework for understanding biological systems and their infections [25]-[26]. Thus, the
development of a nonlinear system of ODE, which served as the basis for SIR and SEIR, marked the
beginning of compartmental epidemic modeling [27]. Mathematical models are useful tools in many
fields of biology, including ecology, evolution, toxicology, immunology, and natural resource
management biology. Biological theory is tested and expanded upon using the findings from the
analysis and simulation of epidemic models, which also serve as a basis for new hypotheses and
studies. Numerous works on epidemiological modeling take into account deterministic modeling,
which categorizes the population into classifications called compartments according to their
epidemiological status, such as susceptible, infected, and recovering [28]. In this paper, we will
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develop the SIR model, which is an epidemiological model designed to estimate the projected number
of cases of an infectious disease within a confined community as time progresses. In the SIR model,
it is assumed that individuals mix uniformly and have an equal likelihood of encountering each other,
leading to an equal probability of infection for everyone. However, in reality, contact patterns can
differ considerably due to factors like geographical location, social networks, and individual
behaviors. Additionally, the SIR model assumes that the parameters governing disease transmission
and recovery remain fixed throughout the epidemic. This assumption suggests that the disease
dynamics and population characteristics do not undergo any changes over time. In actuality, the
effectiveness of interventions, population behavior, and pathogen evolution can affect these
parameters [29]. The SIR model as shown in Fig. 1 is a widely used mathematical framework in
epidemiology to study the dynamics of infectious diseases. In this model, the population is divided
into three groups: susceptible (S), infected (I), and recovered (R). Here's an explanation of the
significance of each parameter and variable in the SIR model [29].

N I
Birth
) el eR
Death Death Death

Fig. 1. SIR model without control [1], [29]

e  Susceptible population (S)
This variable represents the number of individuals who have not been infected and are susceptible
to contracting the disease.

e Infected population (1)
This variable represents the number of individuals who are currently infected and can transmit
the disease to susceptible individuals.

e Recovered population (R)
This variable represents the number of individuals who have recovered from the infection and
have developed immunity, either through treatment or by surviving the disease. Recovered
individuals are no longer susceptible to reinfection and cannot spread the disease.

e  Transmission rate (f3)
This parameter quantifies the speed at which the infection spreads from infected individuals to
susceptible individuals. It depends on factors such as the contagiousness of the disease, contact
patterns among individuals, and preventive measures in place.

e  Recovery rate (y)
This parameter represents the rate at which infected individuals recover from the disease and
transition into the recovered compartment. It is the inverse of the average duration of the
infection. A shorter recovery rate implies a faster recovery and a shorter period of infectiousness.

The reason for including demographic factors like births and deaths caused by the disease in the
SIR model is to consider how population changes influence the transmission and development of
infectious diseases. By integrating demographic factors, the model becomes more holistic, allowing
for a better grasp of disease dynamics and their potential long-term consequences [30]-[31].

The following presumptions are taken in the epidemiological SIR model presented here, which
also takes into account the SIR epidemic model with demography [29]. We also have an additional
equation where N is the entire population and must not change.

N(@)=S8() +1(t) +R(t) (D
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The initial state conditions are S(0) = 0,1(0) = 0,and R(0) = 0 and S(tf),l(tf),and R(tf) =
free final states. Where the infection and recovery rates are represented by § >0 and 0 <y <
1, respectively. Typically, we use S(0), 1(0), and R(0) as the beginning conditions as the first
observational data, and we assume that the entire population N is time-invariant for analysis.

N(t) = S(t) +I(t) + R(t) = Op and € € [0,1] are, respectively, births and deaths due to
disease. The equations of the SIR model are [29]-[30]:

$@ =uv - ELO _e5), 5(0) =5, )
i)y =222 y1) — el ®). 1(0) = I 3)
R(t) = vI(t) = €R(t), R(0) = R @)

The population is N(t), and its derivative over time can be calculated by N(t) = S(t) + I(t) + R(t)

N = pN =320 (g1 1) — e(5(t) - 1(t)) 5)

N(0) = Ny = Sy + Iy + Ry at equilibrium points, the SIR model's parameters do not alter over time,
i.e. [30]. S(t) = I(t) = R(t) = 0. So, we can rewrite (2) and (3) as assuming tiny value of i, and €
about equal to zero.

S =0~-p (6)
i(t)=0= S(tx(t) —yI(t) (7)

Assume f; (S,1) = % and f, (S,1) = %. The Jacobian matrix A as in the following form [31]. By
substitute equilibrium point (S = N, = 0). Then, calculate the eigenvalues from,

I IV
_las a1 | _ N N | _ - 8
A=lar, an|=| s ps_ ‘[0 b’—y] ®)
as ol N ~ 7
al— r B | _ . _ 9
IrI—Al=0-1, r_ﬂ+y|—r(r B+y)=0 ©)

These two eigenvalues are provided r = 0, and r = § — ¥ In general, the eigenvalue r = 0 neglect
it (because it is not practical). Where classification of the equilibrium point (r; and r, are the two
eigenvalues of A) are:

o 1,1,>0 unstable node
o 17,1, <0 stable node
e 11>0,1,<0 saddle point

So with eigenvalue r = § — ¥y, have two solutions if r = § —y > 0, the solution grows away
from the equilibrium, the equilibrium is unstable. For the SIR model, this is an epidemic. If r = § —
y < 0, the solution contract back towards the equilibrium. The equilibrium is stable. For the SIR
model, this is no epidemic.

2.2. Neural Networks Identification

The System Identification (SI) method uses observed input-output data to approximate a system's
model. One of the most crucial factors to consider before designing a controller is system
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identification. The suggested method employs a back propagation neural network (NN) to anticipate
the system's output for a new input based on previous inputs and outputs [32]-[33]. The use of neural
networks in epidemic modeling aims to harness their capabilities in capturing intricate patterns and
connections within the data. Neural networks, including Recurrent Neural Networks (RNNs), excel at
processing extensive information, handling sequential data, and effectively modeling nonlinear
relationships. Epidemic data typically involves the disease's progression over time, making neural
networks, particularly RNNs, well-suited for modeling time-series data and capturing the temporal
dependencies and dynamics of the epidemic. By employing neural networks, we can effectively
capture complex and nonlinear relationships among various factors like population demographics,
transmission rates, and intervention measures. This approach facilitates a more comprehensive
understanding of the intricate interactions and complexities associated with disease spread. The RNN
is depicted in Fig. 2 with n inputs, t outputs, and m hidden layer nodes. The input, internal state, and
output vector of the network are each represented by u, z, and y, respectively [34].

u(k) = [ug (k) ... u, ()]"
z(k) = [z,(k) ... zp,(R)]" (10)
?(k) = [?1(k) yt(k)]T

The equations of the network are

{z(k) = ¢gWu(k) + Sz(k — 1))} (N
y(k) = Vz(k)
1 is the tangent hyperbolic function and is the activation function of the interior layer neurons.
_ _ ex_e—x
¥(x) = tanh(x) = = (12)

Where Wm X n, S m X m,and V t X m are weight matrices

N .
|
[ b
W, _—% 14 Y
/ L AN .
._H 1k / Vea .\. \\1_] - ~ - 1.
— AN ) 4 Y 1
M / v . \ ‘] Z —
,,‘* 4 o 3 i ‘l] - p
— X =2 —
(1 )\ / oo .

Fig. 2. Neural network structure [32]

The training process for a neural network entail presenting it with input data along with the
corresponding expected output. The network then adapts its internal parameters, referred to as weights
and biases, to reduce the disparity between its output and the desired output. Backpropagation is
employed to propagate the error backwards through the network. This technique involves calculating
the gradients of the loss function with respect to the weights and biases of each neuron. These gradients
indicate the direction and magnitude of adjustments needed to minimize the prediction error. The
network's weights and biases are subsequently updated in accordance with the computed gradients
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using an optimization algorithm, such as gradient descent. The Mean Square Error (MSE) provides as
the cost function, for N is the number of training samples. y is the actual output and ¥ is the predicted
output of neural network.

MSE = - Si_; e(k)" . e(k) (13)
1 N
MSE = Nkzl(fi(k) —yUNT.@k) — y(k)) (14)

The selection of network architecture, including the number of neurons in the hidden layer and
the choice of activation functions, is influenced by several factors, such as the problem's complexity,
computational resources available, and prior knowledge about the data. Having too few neurons may
result in underfitting, where the network fails to capture complex patterns in the data. Conversely, an
excessive number of neurons can lead to overfitting, where the network overly memorizes the training
data instead of learning generalizable patterns. The selection of activation functions is dependent on
the problem's nature and the specific characteristics of the data [34]-[35].

In our model, the RNN based on the SIR network model contains two different states of the
number of neurons in the hidden layer where in the first case five neurons were used and in the second
case twenty neurons, with tan activation functions in each case and three saturated linear functions
were used in the output layer as shown in Fig. 3.

Layer

/ Olﬂp:t(t)

Fig. 3. Neural network structure of SIR model

20

The selection of 5 and 20 neurons in the hidden layer could have been determined by conducting
experiments and validation on the particular problem and dataset. These specific configurations might
have been identified as a suitable balance between model complexity and generalization, leading to
satisfactory performance in terms of prediction accuracy while avoiding issues of overfitting or
underfitting. The input and output data sets used for training are obtained by numerical solution for
differential equations of SIR model. The first offline batch Levenberg-Marquadt optimization network
training is done [32]. The prediction error is the networks. Therefore, the algorithm's main goal is to
reduce the prediction error over the training set of data. The results that show the neural network
model for five and twenty neurons in hidden layer predicted outputs versus the actual SIR model
outputs are shown in Fig. 4 and Fig. 5 respectively. At this point, the optimal network weights for
network (20 neuron in hidden layer) are stored and used for validation [33]-[35]. The model is trained
using the training vectors repeatedly until the training successfully decreases network error to the
desired outcome. The MSE squared error starting at a large value and decreasing to a small value as
shown in Fig. 6, where three lines make up the plot, representing the training, validation, and test
phases. After 416 training iterations, the cost function is minimized to the order of 4.5 X 107°.

Validation involves utilizing both the training and test datasets to assess the degree of alignment
between the neural identification model and the numerically obtained data. This process provides
insights into the accuracy and closeness of fit between the model and the actual data.
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Fig. 4. Outputs of actual SIR model with outputs of NN model based 5 neurons in hidden layer
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Fig. 5. Outputs of actual SIR model with output of NN model based 20 neurons in hidden layer
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Fig. 6. MSE of NN base 20 neurons in hidden layer
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Fig. 7 shows the difference between the actual values and the estimated values for all states of
the SIR system using neural networks if 20 neurons are used in the hidden layer. Table 1 presents
the MSE for susceptible, infection and recovery respectively, based 20 neurons neural network
model. The obtained result demonstrates that neural networks can be used effectively for the
identification of SIR model. The validation results for the susceptible output are depicted in Fig. 8,
illustrating that the prediction error over the training data is minimal.

o Best Validation Performance is 4.5063e-09 at epoch 416
1010 -

Mean Squared Error (mse)

o 50 100 150 200 250 300 350 400
422 Epochs

Fig. 7. Difference between actual and predicted states

<10t Function Fitfor Qutput(Susceptible)

+ Targets
+ Oulputs
5 Errors | |
Fit

Output and Target
w

L .
Input

Fig. 8. Function fit for susceptible case

Table 1. MSE of SIR model-based 20 neurons NN

Susceptible Infection Recovery
0.0677 0.1716 0.3149

Fig. 9 displays the error histogram with 20 bins for the three neural network modeling processes
of training, validation, and testing. The quantity of samples from the dataset that fall into each vertical
bar's respective bin is shown. In the Fig. 9 presented, a yellow line in the center represents a zero
error, indicating 350 instances within the training set. In the middle of the plot, there is a bin that
corresponds to an error of 1.56 X 1076, The height of this bin for the training dataset is slightly
below 225, indicating that around 225 samples in the training dataset have errors falling within this
range. Additionally, both the validation and test datasets fall between the range of 225 and 325,
suggesting that a significant number of samples from different datasets have errors within this
specific range.

Also, linear regression analysis is the most standard method to test the performance of a NN
model. Here the neural network output and the corresponding data set target for the testing
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instances are plotted as shown in Fig. 10. From the simulation results, the correlation coefficient is
very close to 1, we can say that the neural network predicts the SIR model very well.

Error Histogram with 20 Bins
350 -
I Training
[ validation
300 - [ est

Zero Error

250 -

~
S
5

Instances
o
3

-0.00036
0.00032
-0.00028
-0.00024
-0.0002
-0.00016
-0.00012
-8e-05
-3.9e-05
1.56e-06
4.21e-05
8.27e-05
0.000123
0.000164
0.000205
0.000245
0.000286
0.000326
0.000367
0.000407

Errors = Targets - Outputs

Fig. 9. Histogram with 20 bins for the training, validation, and test in NN model
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Fig. 10. Test data for Validation neural model

2.3. Optimal Control Strategies

Optimal control strategies are crucial in managing epidemics as they are vital for implementing
efficient interventions, optimizing the allocation of resources, reducing disease transmission, ensuring
cost-effectiveness, enabling timely decision-making, facilitating long-term planning, and adapting to
changing circumstances. These strategies offer a systematic and evidence-based approach to
minimizing the impact of infectious diseases on public health and society as a whole. Optimal control
strategies are beneficial in curtailing the transmission of infectious diseases by employing measures
like vaccination campaigns, quarantine protocols, contact tracing, social distancing, and travel
restrictions.

These strategies aim to decrease contact rates and restrict the spread of the disease among the
population. Optimal control strategies, also aid in efficiently distributing scarce resources like
healthcare facilities, medical supplies, and personnel. Through strategic resource management, these
strategies ensure that healthcare systems are well-equipped to handle a surge in cases, deliver suitable
treatment, and alleviate strain on the healthcare infrastructure [35]-[36]. In this section, we investigate
the behavior of the SIR model using optimal control theory. To design and implement optimal control
strategies, we employ the PMP, which is commonly used for obtaining optimal control strategies in
continuous processes. Various mathematical techniques exist for solving optimal control problems.
The following explanation outlines how these techniques can be applied to solve simpler problems.
The PMP steps are illustrated in the flowchart presented in Fig. 11, [29], [37].
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!

Formulate H(x, u,‘/L t) = flx,w, ) + AT glx,u,t)
Solve (:—D =0 at u(t) = u*(t)

to obtain u* (¢) = h(x*(£),A* (£).0)

NO
n = iteration number
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xR
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R

Solve Ot « T
Adjoint condition (4,,)" =

= — i+ igz)
n++ With transversality condition
A(T)=0

!

Solve0— t =T
State condition (x,,)" = i—f
= Uh+ig)
With transversality condition
An(0)=0

_

Fig. 11. Flowchart of the PMP steps [29]

1. Construct the problem's Hamiltonian equation.

HCe(@®),u(®), A1), ) = fx(@®), u(®), t) + 2T g (x (1), u(t), t) (15)
Where, H(t,x,u,A) is a Hamilton equation, f(x(t),u(t),t). g(x(t),u(t),t) are based on state,
control, and tim. AT (¢) is a vector of costate vector of n™ order

2. Differentiation Hamilton's equation to get the optimal control u*(t)

H(x(8),u®), A1), ) = fx(0), u(®),t) + AT g(x(t), u(t),t) (16)

To obtain u*(t) = h(x*(t),A*(t),t). Here h(x*(t), A*(t),t) represents a function that depends on
the optimal states, optimal control, and time.

3. Find H" using optimal control signal u*.

H*(x* (), h(x*(t), 2*(t), t ), A*(t), t ) = H*(x*(t), A*(t), t) (17)

4. Find the solution to the set of differential equations and the adjoint condition.

L\ * OH\" .
W) ==(55) » @) =+ 290 (18

The differentiation of the f and g in relation to the state x is indicated by the symbols f, , g,. With
transversality condition, A(tf) = 0 and transversality condition, A(0) = 0. The state equation, the
differentiation of the f and g in relation to the adjoint A is indicated by the symbols f3, g,.

*

N .
@ = (57) = " = (h+ 200 (19

Transversality conditions play a crucial role in optimal control problems by incorporating
endpoint constraints, which define the desired behavior or conditions at the final time point. By
satisfying these conditions, the optimal control solution ensures that the system reaches the desired
endpoint consistently and appropriately. Moreover, transversality conditions transform the optimal
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control problem into a boundary value problem. This conversion enables the utilization of
mathematical techniques and algorithms specifically designed for solving boundary value problems.
By formulating the problem in terms of both initial and final conditions, the transversality conditions
provide a comprehensive depiction of the system dynamics [38]-[39].

5. Using MATLAB program to find the optimal control (u*) after determining the ideal states (x*)
and adjoint (1).

When studying Hamiltonian equations and optimal control solutions within the context of
managing epidemics, they offer valuable understanding about the most efficient approaches to
mitigate disease transmission. The optimal controls signify the dynamic interventions or actions that
are recommended to be implemented at different time points to minimize the spread of the disease.
These controls encompass diverse measures, including vaccination rates, quarantine protocols, social
distancing measures, or a combination of these strategies [40]-[41].

3. Control Strategies

The control strategies discussed in the paper hold significant importance, particularly within the
field of epidemic models. Their primary objective is to effectively manage and reduce the transmission
of infectious diseases, which is crucial in real-world scenarios with significant implications for public
health. By implementing these control strategies, several benefits can be attained, including disease
containment, resource allocation, decision support, and proactive planning. In conclusion, the
investigation of these control strategies in the paper contributes to the advancement of evidence-based
approaches to epidemic management, providing valuable insights and practical applications for
addressing public health challenges [42]-[46].

3.1. Strategy 1 (Treatment Control)

This technique uses SIR model equations with a control strategy that is represented by control u
in Fig. 12. After the control signals are added, the system equations will take on the new form shown
below [29], [47], [48].

us
s P PR
Birth
5 el R
b v
Death Death Death

Fig. 12. SIR model with Treatment Control control u

S'(t)=uN—%—eS—uS, S =0
I(t) = % — yl —el, 1(0) =0 (20)
R(t) = yI — €R +uS, R(0)=0

uS stands for the optimal control, which maximizes the performance index with the goal of lowering
the number of sick individuals, the time of recovery, and the treatment expense. The following is a
representation of the performance index.

t 2
Ji= minf ! [I(t) + WluT(t)].dt 21
0

2 .
Where w, Y9 defines the cost of the therapy, w, = 0 balances the cost variables and reflects the
2 py

“weight” of the cost, and t; denotes the length of the treatment period. The goal is to use the optimal
possible control u* to reduce the number of infected people and the cost of treatment.
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J@*) =min{ J(u):u € U} (22)
The set of admissible controls U defined by, U = {u(t):0 <u < Upqy,t € [0,tr]. The

following steps are required when applying the Pontryagin principle method to the SIR model in order
to execute an optimal control. Hamiltonian equation is:

H=U+05Wu?)+SA;, +12,+RA; (23)
And Z—I: =0- Z—ZI = Wu — 1,5 + 135 = 0. By solving the Hamilton equation of equation to obtain
u*,
S(A4 — 43)
fe— 24
u W (24)
The adjoint equations can be obtained by such that 4; = —Z—I; Ay = —%—I: and A5 = —3—1;.
. — M4p1 A,B1
i = —( A}ﬁ 2P s e/11>
Ty = —(1— MBS+ MBS — Ay + Agy + €ly) 25)
A.3 = 613

The transversality conditions for free problem cases apply to this system, which is a free final state
problem 44 (tf) = 1, (tf) = A (tf) =0.
3.2. Strategy 2 (Vaccination Control)

The goal of the SIR model with control in the immunization control method is to increase
recovery rates while minimizing the number of vulnerable, infected, and healing times. The efficiency
index determined as [29], [49], [50].

u?(t)
> |- dt (26)

tr
0

A4, A,, and A are balancing cost factors, and the negative sign on Az is to minimize recovery people
. . 2

in the shortest amount of time, where w, ”T(t)
is balancing cost factors signals the “weight” on cost. The goal is to use the best possible control to
reduce the number of susceptible and infected people, the cost of vaccination, and to increase the

number of people who recover in the quickest time possible J(u*) = min{ J(u):u € U }.

is indicating a cost of vaccination, the coefficient w, = 0

The set of admissible controls defined by U = { u(t): 0 < u < Uyqy,t € [0, tf]. The following
steps, which combine the PMP and SIR models, must be taken in order to perform an optimal control.
The Hamiltonian formula is:

Wu?(t) . , )
and
0H 0H
= R - 28
- 0- oy = W 1S+ A58 (28)

To obtain u*, the Hamilton equation is solved,
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S(A — A3)
AL R 29
u W (29)
The adjoint equations can be obtained by such that = - Z—ZI Ay = — %—7 and A3 = — g—:

A= —(4; — BIA; —uldy + 4,81 + Azu + €l;)
Ay = —(A;— BSAL — YAz + BSA, + A3y +€Ay) (30)

/1.3 = A3 + €A3

In the context of this system, we encounter a free final state problem that involves the application of
transversality conditions specific to free problem cases 1, (tf) =1, (tf) = /13(tf) =0.

3.3. Strategy 3 (Susceptible Control)

The objective functional which can be used to minimize number of susceptible individuals, time
of recover, and cost of vaccination is [29], [51], [52]:

J3 = min f
0
u?(t)

In the given context, W5 —,— represents the cost associated with vaccination, while B is a factor that

ty

u?(t)
2

[B S(t)+w, .dt (31)

balances the proportion of susceptible individuals. The objective function aims to minimize the cost
of vaccination and reduce the number of susceptible individuals. This is achieved by determining the
optimal control u* that satisfies the given conditions J(u*) = min{ J(u):u € U }. The admissible
controls U defined by, U = {u(t):0 < u < Upqy, t € [0, tr]. The Hamiltonian formula is:

Wu?(t) . . )
H=|BS(t) + +SA +12;,+RA3 (32)
and
0H 0H
%=0—>%=Wu—/115+l35 (33)
To obtain u*, the Hamilton equation is solved,
S(A4 — 43)
fm—_— 34
u W (34)
The adjoint equations can be obtained by such that 1; = — Z—I;, Ay = — E;—I; and A3 = — 3—1;. In

this particular system, we are dealing with a free final state problem that involves the application of
transversality conditions specific to cases where the final state is unconstrained 1, (tf) =1, (tf) =

A3(tr) = 0.

A= —(B— BIA + 1,81 — Lju + €l + Azu)
Ay = —(=BSA; — YAy + BSA, + A3y + €1y) (35)
A'g == + 613

3.4. Strategy 4 (Quarantine and Vaccination Control)

This approach uses SIR model equations as shown in Fig. 13 with the controls uq,u,. The
function that optimizes the performance index has parameters u,,u, that represent the optimal
controls [29], [53], [54].
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Fig. 13. SIR model with control u; and u,
e 1y, [ : depicts quarantine, the method of controlling contaminated people
e u,S : represents the quarantine that is used to regulate diseased people

In this case the number of infected individuals, time of recover, and cost of vaccination and
quarantine, can be minimized using the following objective function.

tr u?(t uz(t
J. = min f [Cl(t) + Wy, w® +W,, 22( )
0

: dt (36)

The weight is indicated by the coefficients W,; and W,, > 0, which are balancing cost factors.
Wy, uz(©) stands in for the cost of quarantine where W, @stands for the cost of immunization, and
C is a balancing to numbers of infected individuals. The goal is to use the best controls u;*, u,* to
reduce the cost of vaccination and quarantine while also reducing the number of infected people
J(ui*,up") = min{J(ug, uz):ug,u; €U Y

The admissible controls U defined by U = {uy,u(t):0 < uy,u; < Upgy, t € [0,t¢]. The
Hamiltonian formula is.

He{cio+w, O w2 s sa vinra
= )+ W, > + W, > +54+14; + RA3 (37)
And
ot 0 oM W A1+ A5l
—=0> —= —
o, o, 1Uq 2 3
J0H JH (38)
a_wzoﬁa_lQ:quz_AlS +A3S

To obtain u,* and u5the Hamilton equation is solved,

(. _1G2=29))

1 - W1
. S —23) (39)
U, = T

The adjoint equations can be obtained by such that:
Ay = =(=BIAy + 1 B1 = Au,
+A3uy; + €1q)
/12 = _(C - ﬁS/-{l - y/12 + ﬁs){z + /12‘“,1 + /13)/ (40)
+A3u; + €4;)
A'g =+ Elg
The system at hand represents a free final state problem that necessitates the consideration of
transversality conditions [55]-[56], A4 (tf) =1, (tf) = A3 (tf) = 0.
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4. Simulation Results

Table 2 displays the COVID-19 data's numerical values. The total value of £ is treated as an
average value when performing analysis. While the value of y is kept very low, Table 3 also shows
the ideal control weights for each strategy.

Table 2. COVID -19 Data [29], [54]

B Y B € T So Iy R,
0.47/ (Days. People)  0.343 /Days  0.0007 0.0007 45 Days 75% People 20% People 5% People

Table 3. Disease optimal control weights [29]

Strategy (1) wW,=2

W,=1, A4, =0.5,
A, =025 A;=0.13
Strategy (3) Ws=1.5, B=0.1
Strategy (4) | W,,=1, W,, =0.5, C =0.025

Strategy (2)

In the realm of COVID-19 control, 3, ¥, and control weights play crucial roles in comprehending
and managing the spread of the disease. A higher f signifies a more contagious virus, resulting in
rapid spread and larger outbreaks. It is vital to grasp and estimate  to evaluate the impact of
interventions like social distancing, mask-wearing, and vaccination in reducing transmission rates.
Estimating y aids in comprehending the natural progression of the disease, determining outbreak
durations, and calculating indicators such as the primary reproduction number, which denotes the
number of new infections caused by each infected individual among a susceptible population. Control
weights pertain to the relative significance or effectiveness assigned to different control measures or
interventions. In the context of COVID-19, control weights can indicate the impact of diverse
measures like lockdowns, testing, contact tracing, vaccination, and public health guidelines. By
assigning appropriate control weights, effectiveness of various interventions can be quantified,
allowing for optimized control strategies. Mathematical models can incorporate these weights to
assess the collective impact of multiple interventions, facilitate decision-making, and prioritize
resources to achieve maximum disease control [57]-[58].

As shown in Fig. 14, the dynamic behavior of the system is examined using numerical simulation
with no controls. The primary issue is that the population of susceptible individuals is growing over
time. We will investigate the impact of altering some factors on system performance in order to
accurately comprehend the system. To illustrate their effects, the simulation is run as a function of the
B andy.

SIR without control
T T T T

0.8

.......... Susceptible
= = =lInfectious | |

o
3
v

o
>

------

o
12
~..
4
-
-

Population %
=) o =)
) w ~
v .
S
~.

o
.,
’

-~

Fig. 14. Dynamic behavior of the SIR model without control

Using change £ and y, the following simulation results are produced. Fig. 15 illustrates the
impacts of changing the recovery rate factor (y=0.1, 0.067 and 0.033) when the spreading rate is low

Ahmed J. Abougarair (Identification and Control of Epidemic Disease Based Neural Networks and Optimization
Technique)



International Journal of Robotics and Control Systems
795 ISSN 2775-2658
Vol. 3, No. 4, 2023, pp. 780-803

(5=0.1). It is obvious that when the y factor is low, the number of infected persons increases and the
diseased people take a long time to recover. The number of affected people falls as the rate of recovery
rises. Fig. 16 demonstrates how the number of vulnerable individuals is dramatically decreased when
the spreading rate is increased to (§ = 0.9), where (y=0.1, 0.067, and 0.033). Due to the increased
number of infected people and the longer recovery times, a high recovery rate factor is necessary to
quicken the healing process.

Susceptible

@

25

15000

10000

Infectious

Recovery

Fig. 15. SIR model characterized for = 0.1

<104 f3:High

— =130
“y=115
= = +=110

.

w

Susceptible
r

Infectious

w

Recovery
"

N

o

Days

Fig. 16. SIR model characterized for f=0.9

A higher or lower value of § indicates a corresponding increase or decrease in the likelihood of
disease transmission. This parameter is influenced by various factors, including the disease's
infectivity, the nature of contact between individuals, and the implementation of preventive measures
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like mask usage and social distancing. 8 is a significant parameter as it directly affects the intensity
and spread of the epidemic. Similarly, a higher or lower value of y signifies a faster or slower rate of
recovery, respectively. y is influenced by factors such as the effectiveness of treatments, the natural
progression of the disease, and an individual's immune response. This parameter plays a crucial role
in determining the duration of an individual's infectious period and consequently affects the overall
duration of the epidemic. To summarize, 8 reflects the contagiousness of the disease and governs the
transmission rate, while y represents the recovery rate and influences the duration of infection.
Understanding these parameters is crucial for comprehending how the model simulates epidemic
dynamics, as they directly impact the spread and control of infectious diseases.

In the subsequent analysis, the SIR model is subjected to four distinct control strategies, and a
comparative evaluation is performed based on the simulation results. Fig. 17 illustrates that strategy
(2) outperforms the other strategies by effectively reducing the number of susceptible individuals and
preventing their infection. Furthermore, Fig. 18 demonstrates the impact of all control strategies on
the number of infected individuals. It is evident that strategy (2) successfully mitigates the spread of
infection, bringing the number of infected individuals to an acceptable level within the initial ten-day
period.

Control strategies for Susceptible people
T T T T

0.8 5 5
"""""" Without Control
o7k | Str1 H
: \ . Str2
0.6 H
a Stry
o Str,
0.5t
© o)
o I3t
I o .
S 04 H " 1
o s
(72} A"
(,3) x
0.3 B
02FY e i
0.1 -
0 r 3
0 5 10 15 20 25 30 35 40 45

Days

Fig. 17. Susceptible individuals with control strategies

0.25

0.2,

0.15

Infectious

0.1

0.05

0 5 10 15 20 25 30 35 40 45

Days

Fig. 18. Infected individuals with control strategies

Fig. 19 highlights the observable improvements and shorter recovery period achieved by strategy
(2) compared to the other approaches. This emphasizes the superiority of immunization over medical
intervention. Notably, strategy (2) has a significantly higher number of individuals in recovery
between day 0 and day 45, indicating its effectiveness in minimizing the recovery time. In contrast,
Fig. 20 shows that strategy (2) is not as effective in terms of cost minimization. Strategies (1) and (4)
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perform better in terms of reducing costs compared to the other strategies. It is worth mentioning that
the global community is actively searching for an efficient control strategy to swiftly contain and
prevent the rapid spread of epidemics, as evident in the race to develop a vaccine for COVID-19.In
conclusion, the simulation results demonstrate the effectiveness of strategy (2) in reducing
susceptibility, preventing infection, and achieving shorter recovery periods. However, strategies (1)
and (4) excel in cost minimization. The priority remains on safeguarding human lives, as evidenced
by the urgent scientific efforts to develop vaccines and control measures for COVID-19.

Control strategies for Recovery people
1

""""" Without Control
L N - Str, I
0.8 . Str2 i
Str,
0.7 8 ]
— Str,
0.6 |
el
[
8 05 1
Q
x
0.4 4
0.3 4
0.2§/# i
o1l g
0 r r r r r r r r
0 5 10 15 20 25 30 35 40 45

Days

Fig. 19. Recovery individuals with control strategies

Control Signal

0 S

0 5 10 15 20 25 30 35 40 45
Days

Fig. 20. Comparative between all control strategies

To determine the optimal control strategy among these four, we have to calculate the Eefficiency
lindex (EI) as presented in Table 4 [8].

Table 4. Efficiency Index of SIR model with different strategies

Efficiency Index %
Str 1 Str 2 Str 3 Str 4
Ssusceptible 46% 89% 75% 83%
Tlinfected 40% 81% 40% 54%

A,
El = (1 ——) X 100 (1)
Ac

where A, and A are the cumulated number of state individuals without and with control, respectively.
we can conclude that Strategy 2 is the optimal strategy.
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It's important to acknowledge that the effectiveness of vaccination control (Strategy (2)) can vary
due to several factors, such as vaccine efficacy, coverage rates, the emergence of new variants, and
vaccine hesitancy. However, overall, vaccination control has proven to be a highly effective approach
in reducing susceptibility, preventing infection, and shortening recovery periods in a population. To
summarize, the effectiveness of vaccination control stems from its ability to stimulate the immune
system, provide long-lasting protection, decrease disease severity, contribute to herd immunity,
control transmission, and adapt to emerging variants. These characteristics collectively establish
vaccination control as a highly efficient strategy for combating infectious diseases and mitigating their
impact on public health. Also, treatment control (Strategy (1)) and quarantine and vaccination control
(Strategy (4)) tend to be more cost-effective due to their targeted approach, early intervention, and
preventive nature. However, trade-offs exist between effectiveness and cost, such as upfront
investment, coverage rates, long-term costs, and the broader economic impact. Evaluating these trade-
offs is crucial in determining the most appropriate and cost-effective control strategies for specific
infectious diseases and populations.

5. GUI of SIR Optimal Control Strategies

To easily comprehend and determine system performance by altering any of the parameters. The
SIR mathematical model's optimal control for various control strategies is investigated by the
MATLAB program [59]-[61] with GUI shown in Fig. 21. These characteristics apply to this
configuration:

e The ability to quickly enter data and modify variable values.

o The ability to choose the best possible control for the problem's and the infectious disease's type.

o The ability to enter new weights for the ideal controls for every strategy as needed to achieve the
best outcomes.

e It is possible to study and follow the behavior of other infectious diseases that are most prevalent
in reality, such Covid-19 disease, Ebola, and influenza.

.} SIR_Pontryagin_minimum_principle

Control of Epidemic Disease
Based Optimization Technique

— Enter the following data :

Transmission rate parameter / (Days. People)
Recovery rate parameter 1 Days
Birth rate
Death rate
Initial susceptible population % People
Initial infected population % People
Initial recovered population % Peaple
Time of solution Days

Basic reproduction ratio 7

System without control

— Pontryagin optimization strategi

Strategy (1) w1 7

Strategy (2) 2 |[ a1 |[ a2z ][ a3 >

Strategy (3) W3 B 1:

Strategy (4) | | w41 || waz c ?
Compare all stratgies ‘ Reset ‘

Examp of di

Tuberculosis (Libya) | Covid19 (Libya) |
Ebola (West Africa) ‘ Influenza (Morocco) J

Fig. 21. GUI of SIR model for different diseases with optimal control [29]

The GUI for the SIR model offers a visual representation of disease dynamics, enabling users to
observe the disease's spread over time. Interactive graphs and charts provide valuable insights into the
progression of the epidemic, including the populations of susceptible, infectious, and recovered
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individuals. Moreover, the GUI incorporates optimal control strategies, which involve identifying the
most effective combination of interventions to minimize the disease's impact. By utilizing the GUI,
users can evaluate the effectiveness of various strategies and make informed decisions based on data
to determine the most efficient control measures. Additionally, the GUI allows for sensitivity analysis,
enabling users to modify model parameters such as transmission rates, recovery rates, or the
effectiveness of control measures. This functionality empowers researchers and policymakers to
assess how the model's outcomes respond to changes in input parameters, thereby aiding in the
evaluation of the model's sensitivity to different scenarios and variables.

6. Conclusion

In summary, this paper presents a versatile neural network-based model augmented by PMP
control, offering a powerful tool for the analysis and effective control of infectious diseases. The
development of a user-friendly graphical user interface (GUI) enhances its accessibility and usability.
Notably, our approach emphasizes the adaptability of control strategies, allowing for customization
based on various disease attributes, including emergence period, geographical origin, and underlying
factors influencing transmission and recovery. By integrating diverse datasets, including population
dynamics, our model yields context-specific and data-driven results. The primary objective function,
optimized through the PMP approach, focuses on minimizing susceptibility and infection rates while
maximizing recovery. This multi-faceted approach holds promise for optimizing disease control and
mitigation strategies. The practical significance of our research lies in its potential to inform decision-
makers in healthcare, public health, and policymaking. It offers a valuable tool for crafting tailored
and effective responses to infectious disease outbreaks, ultimately minimizing their impact on
communities and economies. Looking ahead, future research could explore extensions of our model
and its application to a broader spectrum of infectious disease challenges. As we continue to grapple
with the dynamics of infectious diseases, data-driven and adaptable approaches like ours will play a
pivotal role in safeguarding public health.
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