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ARTICLE INFO ABSTRACT

This paper addresses the challenge of synchronizing the dynamics of two
Article history distinct 3D chaotic systems, specifically the Rabinovich and Rabinovich-
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attractors, influenced by specific parameters and initial conditions. Our
proposed low-cost finite-time synchronization method leverages the
signum function's tracking properties to facilitate controlled coupling
Finite-Time Controller: within a finite time frame. The design of finite-time control laws is rooted
Lyapunov Stability Cri,teria; in Lyapunov stability criteria and lemmas. Numerical experiments
Synchronization conducted within the MATLAB simulation environment demonstrate the
successful asymptotic synchronization of the master and slave systems
within finite time. To assess the global robustness of our control scheme,
we applied it across various system parameters and initial conditions.
Remarkably, our results reveal consistent synchronization times and
dynamics across these different scenarios. In summary, this study presents
a finite-time synchronization solution for non-identical 3D chaotic
systems, showcasing the potential for robust and reliable synchronization
under varying conditions.
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1. Introduction

Chaos, a nonlinear phenomenon observed in a class of dynamic systems, has recently garnered
significant research interest due to its expanding applications in both real-world and hypothetical
scenarios. These applications span a wide spectrum, encompassing secure communication [1],
navigation systems [2], robotics [3], and power system dynamics [4]. Over the last decade, the
literature has seen the emergence of various chaotic systems with diverse dimensions and unique
characteristics, ranging from three-dimensional systems [5], four-dimension [6], five-dimension [7],
six-dimension [8], seven-dimension [9]-[11], to even higher-dimensional counterparts [12].
However, the utility of chaotic systems is greatly enhanced when they can be controlled.
Consequently, researchers have adopted various control strategies tailored to systems of different
dimensions. These strategies encompass feedback control [13], [14], adaptive control [15], passive
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control [16], sliding mode control, and active control [17], among others. Among the intriguing
phenomena associated with chaotic systems is synchronization, where the dynamics of two chaotic
systems, whether identical or non-identical, are coupled through appropriate control laws within
finite time. Numerous synchronization schemes have been developed to facilitate this coupling,
including adaptive control-based synchronization [18], adaptive hybrid synchronization [19],
functional projective synchronization [20], and sliding mode control-based synchronization [21],
[22], fuzzy synchronization [23], invariant ellipsoids method [24]. Each scheme serves specific
purposes in different contexts and applications. In this study, we delve into the synchronization of
two particular chaotic systems: the Rabinovich chaotic system [25]-[27], and the Rabinovich-
Fabrikant system [28]. These systems, characterized by sets of three-coupled differential equations,
possess unique properties that have attracted significant attention in diverse fields, such as image
encryption, power system dynamics, and control. The Rabinovich-Fabrikant system, in particular, is
renowned for its complexity owing to the presence of quadratic and cubic terms [29], making it a
subject of extensive analysis and exploration [30]-[32].

In the following sections, we will focus on the finite-time synchronization of these intriguing
chaotic systems, presenting our approach and numerical findings. This study aims to contribute to
the understanding of chaos synchronization, with practical implications in various interdisciplinary
domains.

2. Dynamics of the Rabinovich and Rabinovich-Fabrikant Systems
2.1. Rabinovich System

The architecture of the Rabinovich system consists of a set of first-order, three-coupled ordinary
differential equations given by

'X:l = —ax1 + be + XZX3
x.z = Cxl - de - XIX3 (1)
.x.3 = —€x3 + X1Xo

where a, b, c,d, and e > 0 are positive parameters, whose values determines the type of attractor
that is evolved, and x € [x;, x5, x3] are the state variables that gives the order of the system. When
a=4,b=6.75,c=6.75,d =1,e =1, the Rabinovich system evolves the attractors shown in
Fig. 1.
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Fig. 1. Chaotic attractors of the Rabinovich system - [

When the parameters are changed to the following, a = 1.5,b = 0.04, ¢ = 0.04,d =
—0.3, e = 1.67, a distinct set of attractors are evolved as shown in Fig. 2.
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Fig. 2. Chaotic attractors of the Rabinovich system - II

Edwin A. Umoh (Finite-Time Synchronization of the Rabinovich and Rabinovich-Fabrikant Chaotic Systems for
Different Evolvable Parameters)



International Journal of Robotics and Control Systems
ISSN 2775-2658 872
Vol. 3, No. 4, 2023, pp. 870-879

2.2. The Rabinovich — Fabrikant System

The Rabinovich-Fabrikant system consists of a set of three-coupled differential equations
represented by

Y1 =Y2(y3 —1+yf) + 6y
Y2 =y1(3ys + 1 —y{) + By, 2

V3 = —2y3(¢ + ¥1Y2)

Where 8, 5, ¢ > 0 are parameters and y € [y;,V,,y3] are the state variables. When & =
—1.0, 8 = —1.0, ¢ = —0.2, the Rabinovich-Fabrikant system evolves the attractors shown in Fig.

Fig. 3. Chaotic attractors of the Rabinovich — Fabrikant system - I

When 6 =0.87, =0.87,¢ = 1.1 the Rabinovich-Fabrikant system evolves the attractors
shown in Fig. 4.

x3

Fig. 4. Chaotic attractors of the Rabinovich — Fabrikant system - 11

3. Summarization of the Finite-Time Control Scheme

Conceptually, two identical or non-identical chaotic systems are said to synchronize in finite
time, when for a given initial conditions, their coupling trajectories settle uniformly after a specified
time. Finite-time synchronization is essential for time-critical applications to avoid overshoots and
other undesirable consequences [33]. Finite-time schemes are realized with the application of
Lyapunov stability criteria in conjunction with definitions and lemmas. In recent years, finite-time
control and synchronization schemes have attracted much attention they have been applied to the
synchronization of chaotic systems with different dimensions and uncertainties [34]-[36], coronary
artery chaotic systems [37], memristor chaotic systems [38] and hyperchaotic systems [33] amongst
others. In this section, we summarized a body of definitions and lemmas suitable for the
synchronization of the Rabinovich and Rabinovich-Fabrikant systems.

Definition 1 [39], [40]. The origin of (1) is a finite-time stable equilibrium if the origin is
Lyapunov stable and there exist a function T: R™ — R* called the settling time function, such that
for every x, € R", the solution x(t,x,) of (1) is defined on [0,T(xy),x(t,x,) € R" Vt €
[0,T(x¢)]] and lim x(t, x,) = 0.

t=T(xo)

Lemma 1 [41], [42]. If there exist a differential and continuous positive definite function
V(©):R™ - R", such that V(x(t)) > 0 as x(t) - o ) and satisfies the following differential
inequality:
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Vi) < —x(VD)?, vt=0, Tx>t, V(t) =0, 3)
Where y > 0 and 0 < ¢ < 1 are two positive numbers. For any ¢y, V(t) satisfies the inequality:

VTP < VITP(t) —x(1 - )t —to),  to, to<t<T €y
And V(t) = 0,Vt > T. Thus, the origin of (1) is globally stable in finite time, and the settling time
T is given as:
Vi®(t
<to+ V()
x(1—=¢)

Assumption 1: [43], [44]. Assume &;,&5, ...,&, € R™ and 0 < y < 1 are all real numbers. Then
the following inequality holds:

)

(Sl + &2l + -+ 1[G DY S 1G]V + 1SV + -+ [En ]V (6)

Definition 2: If system (1) and (2) are master and slave chaotic systems respectively, and
e;=y; — x; (i = 1,2, 3), are synchronization error functions, then (1) and (2) can achieve finite-time
synchronization, if there exists a settling time T (e;(0)) > t,, such that PTTT1|6’1'| = 0 and |e;| = 0, for

t > T for any initial conditions x4 (0), x,(0), x3(0) # y1(0),y,(0), y3(0).
3.1. Architecture of the Finite-Time Synchronization Scheme

The architecture of the proposed Finite-time synchronization scheme is shown in Fig. 5.

Signum function and

non-negative index Synchronization

error system
T * * A
| Finite-time control laws I —>
F F
Y v Synchronized
System , ynchronize
b Slave Synchronization i
parameter |—p| Master > . N Bd dynamics port
. »| chaotic »| error vectors
vectors chaotic
system
system

Fig. 5. Architecture of the Finite Time Synchronization scheme

The master chaotic system is the Rabinovich system which is used to drive the slave system.
The slave chaotic system is the Rabinovich Fabrikant system that is controlled to couple the dynamics
of the two systems. The synchronization error system is used to track the dynamics of the master and
slave systems to bring them into a state of synchrony in finite time. The parameter vector are the
parameters whose values evolves the set of attractors. The finite time control laws are the set of
functions based on the Lyapunov stability criteria that provides the sufficient conditions to couple
the dynamics of the chaotic systems in finite time. The signum function and non-negative indices
constitutes the weighted parameters that constrains overshoots of the asymptotically stable coupled
dynamics to keep them within the finite time. The synchronization error dynamics of the systems (1)
and (2) using the Definition 2 is given by

e =—ae; —e; +(a+8)x; + (L +b)y, — x1x3 + Y207 + V293 + Uer
&, =By, + (B + d)xy, + x; — cey + dey — x1x3 4+ 3y1Y3 — Y5 + Ue (7
e3 = —2ye; — (2y — €)yz — x1X; — 2Y1Y2Y3 t+ Ues

Where u,; are vectors of the associate control laws of the synchronization error system, and are given
by
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Upr = ae; +e; — (a+ 8)x; — (L + D)y, + %13 — Yo ¥ — ¥2¥3
Uy = —Py2 — (B + d)x, —x1 + ce; — dey + x1x3 — 3y1y3 + yi (8)
Upz = 2ve3 + (2y —e)ys + x1x2 + 2123

We proposed a global finite-time control law that combines the associate control laws and
control strength coefficients that comprise weighted parameters signum functions and non-negative
indices and given by

U; = ug; — Iy, sgn(e)le | ©)

Where Hgi are control strength coefficients, ¢ is non-negative index and sgn is a Signum function

and e; has been defined in Definition 2. By replacing u,; in (7) with (9) and using (8), results in the
following

e = —Hﬁlsgn(el)lell”
&, = —TI4 sgn(ey)le, | (10)
é3 = —Hﬁ3sgn(e3)|e3|“

Theorem. The dynamics of the master chaotic system (1) and the controlled slave chaotic system
(2) can be synchronized in finite time, if the proposed global finite-time controller given by (9) is
applied. Proof: Consider the quadratic Lyapunov function candidate.

1 2
V() = ) sef (i

-
Il
[y

The time derivative of (10) along the trajectories of (7) is given by

Vo(t) = e1é; + e6; + esés (12)
Using (10) in (12) results in the following

Ve(t) = 91(—H515gn(e1)|e1|“) + ez(—ﬂﬁzsgn(ez)lezl") + 33(_H5358n(@3)|e3|“)

(13)
= —Hﬁlsgn(el)lell”el - Hﬁzsgn(ez)lezl“ez - H53sgn(e3)|e3|“e3
By using the convention:
ey u . eiled i 1+p
sgn(e;) = —,sgnle)le]" & —— = el e;sgn(e;)le;|* & el (14)
L L
Inserting (14) into (13) gives
Vo (8) = —TIj leg|"** =TI |ep|"*# — T |es|™*# < 0 (15)

Eq. (15) is negative-definite in R3.Thus Lemma 1 is satisfied, which implies that the
synchronization error system (7) can be uniformly asymptotically stabilized in finite time while
simultaneously synchronizing the dynamics of the master and slave chaotic systems. If the control
strength coefficients are set to Hgl = Hﬁz = Hgs = HZG, where “G” is a prefix for global control

strength coefficient, then (15) reduces to
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3
Vo) = = ) 1if legf '+ (16)
i=1
Based on Assumption 1,
1+u
3 3 =z
PRARRCE ( ef) = flell*+# {17
i=1 i=1

By virtue of Assumption 1,
V(t) < —Toy_llell*** = 11y _(llell*)***
1+u (18)

1+p llel|?\ 2 1+u 1+p
_ u — _ 1
< zznuc(z =-2z 1} V2

According to Lemma 1, the two chaotic systems, the time of synchronization is estimated as

1-p
7 < V(o)) 2 (19)

=TT,
22 M (1-p)

Overall, the negative-definiteness of the partial derivative of the Lyapunov function along the
trajectories of the coupling systems proves that the proposed control laws can synchronize the
systems in finite time.

4. Result and Discussion

Few cases which comprise the coupling of the master and slave systems for different parameter
sets were explored to test the robustness of the synchronization scheme. When the Master system:
a=4,b=6.75c=6.75,d =1,e =1 and Slave system: § = 0.87,8 = 0.87,¢ = 1.1, the plots
are shown in Fig. 6.
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Fig. 6. Synchronized dynamics of the state variables

Fig. 6 (a), (b) and (c) depicts the synchronization of the dynamics of the master ad slave system.
it can be seen that the trajectories coupled in less than 0.002s. these are relatively fast. The stabilized
dynamics of the synchronization error functions and the finite time control law are shown in Fig. 7
and Fig. 8 respectively.
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Fig. 7. Stabilized dynamics of the synchronization error functions
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Fig. 8. Stabilized dynamics of the finite-time control laws

In finite time control scheme, stabilized dynamics of the finite-time control laws and
synchronization error functions are sufficient proof of the viability of a proposed control architecture.
Thus, Fig. 7 and Fig. 8 confirmed the effectiveness of the proposed synchronization architecture.
There was no significant difference in the synchronized dynamics of the master and slave systems
for other parameters and initial conditions because all the varied parameters. Thus, the finite-time
synchronization scheme is robust in the face of parametric disturbances.

5. Conclusion

A finite-time synchronization scheme was proposed to couple two non-identical chaotic
systems. the dynamics of the two systems are highly sensitive to initial conditions and parameter
variations. We derived a set of control laws that coupled the dynamics of the two systems, based on
Lyapunov stability criteria. Robustness to parameter variations is an indication of effectiveness of
the scheme. To examined the robustness of the synchronization scheme, the system parameters and
initial conditions were varied. The results shows that the variations in system parameters had no
noticeable impact on the synchronization time. It was observed that the signum function and non-
negative indices played a crucial role in accelerating the synchronization process and preventing
overshoots. The higher the non-negative index, the shorter the synchronization time.
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