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1. Introduction  

Force control is crucial for various robot contact tasks [1]-[5] especially in industry, 

teleoperation, medical, hazardous material handling, and service robot applications. For example, in 

massaging, writing, welding and medical surgery, it is necessary to regulate the force exerted by the 

robot on the environment while it tracks a specified position trajectory in the orthogonal direction. 
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 An accurate force-tracking in various applications may not be achieved 

without a complete knowledge of the environment parameters in the force-

tracking impedance control strategy. Adaptive control law is one of the 

methods that is capable of compensating parameter uncertainties. 

However, the direct application of this technique is only effective for time-

invariant unknown parameters. This paper presents a Function 

Approximation Technique (FAT)-based adaptive impedance control to 

overcome uncertainties in the environment stiffness and location with 

consideration of the approximation error in the FAT representation. The 

target impedance for the control law have been derived for unknown time-

varying environment location and constant or time-varying environment 

stiffness using Fourier Series. This allows the update law to be derived 

easily based on Lyapunov stability method. The update law is formulated 

based on the force error feedback. Simulation results in MATLAB 

environment have verified the effectiveness of the developed control 

strategy in exerting the desired amount of force on the environment in x-

direction, while precisely follows the required trajectory along y-direction, 

despite the constant or time-varying uncertainties in the environment 

stiffness and location. The maximum force error for all unknown 

environment tested has been found to be less than 0.1 N. The test outcomes 

for various initial assumption of unknown stiffness between 20000N/m to 

120000N/m have shown consistent and excellent force tracking. It is also 

evident from the simulation results that the proposed controller is effective 

in tracking time-varying desired force under the limited knowledge of the 

environment stiffness and location.  
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Two main control approaches adopted in compliant task include impedance control [1], [6]-[11] and 

hybrid position/force control [2], [12]-[15]. The objective of the impedance control strategy is to 

regulate the required dynamic relationship between the contact force and position of the robot’s end-

effector, referred to as ‘target impedance’. Impedance control is inspired by the relationship between 

the voltage and current in electrical systems [1].  It provides a unified framework and less drastic 

change as the robot moves to contact space from free space compared to hybrid position/force control. 

Impedance control with force-tracking capabilities has drawn the attention of numerous 

researchers [16]-[24]. The approach allows the specification of the desired force trajectory while 

maintaining the benefits of impedance control.  By this, an accurate force-tracking can be achieved 

instead of compromising the force error and position error. However, the controller requires a 

complete knowledge of the environment stiffness and location beforehand, which may not be available 

in many practical cases [17], [18]. Environment stiffness can be defined as the measure of the amount 

of deflection that a load causes in a material, whereas ‘environment location’ [17]-[19], is also referred 

to as ‘environment position’ [19], [20]-[25], ‘surface position’ [25], ‘environment geometry’ [19] or 

‘geometry of the surface’ [19] in the literature. The uncertainties in these parameters may be constant 

or time-varying (changes with time). 

Force control with uncertain or unknown environment parameters is an active research area. 

Several techniques have been proposed in controlling the force exerted by the robot’s end effector 

[17]-[39]. Yang et. al, [26] formulated an admittance adaptation method where the interaction torque 

is estimated by employing an observer. The robot’s force at the interaction points is regulated by an 

admittance controller. In [27], the reference position trajectory is generated, and an adaptive control 

is implemented in reducing the inaccuracy due to the uncertainties in the environment parameters. 

Using impedance principal, a compliant control has been developed in [28] to compensate for 

unknown environment stiffness. The authors replace the required location in the impedance equation 

with the environment location. The inertia and damping coefficients are carefully selected so that the 

steady state error become zero. Cao et al. [29] combines the benefit of adaptive hybrid impedance 

(AHI) control and hybrid impedance control (HI). By this strategy, the error in the dynamic tracking 

phase become zero and the overshoots in the contact space can be eliminated. The update rate 

parameter is adapted online and any estimation on the modeling of the environment or robot is 

unnecessary.  

In impedance control field for uncertain environment parameters, Wakamatsu et al. [30] 

developed an adaptive impedance controller utilizing Recursive Least Square (RLS) to estimate linear 

and nonlinear environmental stiffness. In [31], RLS is utilized to estimate the environment stiffness, 

damping and mass values. However, these methods are incapable of following the reference force 

since the environment location is not estimated. Li et al. [32] proposed a neural network-based 

adaptive impedance control to enhance human-robot collaboration tasks, but the approach is limited 

to zero-force tracking. Kim et al. [33] proposed adaptive Energy Bounding Algorithm (EBA) for 

controlling the robots in the industry to attain the required contact force with robust contact stability, 

even when there is a drastic change in the environmental stiffness. Nevertheless, the technique focuses 

on unknown changes in the environment stiffness only and the environment surface is set as flat. 

Impedance control with force-tracking capability whilst able to compensate both unknown 

environment stiffness and location has been studied in [17]-[24], [34]-[36]. Impedance adaptation 

technique has been studied in [34] for optimal interaction of a robot with unknown environments by 

expressing the uncertain environment as linear systems with unknown dynamics. Seraji and Colbaugh 

[17] formulated two types of adaptive impedance control, namely ‘direct adaptive scheme’ and 

‘indirect adaptive’ control.  Komati et. al [35] extended the controller to microscale applications. Xie 

et al. [36] designed a two-loop adaptive impedance controller for robotic cell microinjection. The inner 

loop contains a target impedance and PI compensator, and the outer loop incorporates a reference 

position trajectory generator. However, the techniques in [17], [36] are limited to uncertain time-

invariant environment parameters only. The controller in [17] also consists of undesirable contact 

force derivative, which is usually a noisy signal and may not provide meaningful information. As a 
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solution, the force derivative is approximated using the environment model, which in return, limits 

the application of the controller to unknown constant environment stiffness and location only. The 

method in [36] also focuses on the cases where the desired force is governed by ramp function only. 

This makes the approach to be unsuitable for the applications that require other time-varying reference 

forces. Many previous methods also focus on the time invariant uncertainties in which the controller 

can be derived directly from the adaptive control law. The solution for compensating systems with 

time varying uncertainties is more challenging as it is not straightforward and involves more steps. 

An adaptive impedance control for overcoming uncertain time-varying environment stiffness and 

location has been developed by Jung and Hsia [18]. In the force-tracking impedance strategy, a two-

phased control algorithm consisting of ‘free space’ and ‘contact space’ phases have been proposed.  

Nevertheless, the discontinuity of the stiffness gain parameter as it is switched from a high value to 

zero during the transition between these two phases may lead to instability in the event of unpredicted 

encounter with a stiff environment [38]. In addition, the force convergence analysis in the study is 

restricted for the cases where the error originated from the approximation of the environment shape, 

is a step function only. Lee and Buss [19], introduced an adaptation in the controller gain for a force-

tracking impedance strategy. The method is suitable in dealing with unknown triangular shape, 

uncertain uneven environmental geometries, and sudden changes in the environment stiffness. 

However, the convergence of the error to zero for a nonconstant desired force is not guaranteed.  

On the other hand, FAT is a method to represent general uncertainties with unknown variation 

bounds by orthonormal functions. The functions are comprised of the multiplication of finite time-

invariant weight functions and time-varying basis functions. The update law for the constant weight 

functions can be obtained based on Lyapunov stability theory as in common adaptive control laws 

[21]-[25], [39]. This facilitates the estimation of the non-constant uncertain parameters and leads to 

the asymptotic convergence of the system error. The effectiveness of FAT-based controllers for 

various systems with uncertainties that vary with time have been reported in several studies [39]-[52]. 

Bai et al. formulated the controller for a class of nonholonomic systems using FAT method by 

separating the linear system and time-varying unknowns. By this, the stabilization issue of the 

nonholonomic system can be converted to adaptive control design and solved [40]. The work in [41] 

implemented the FAT method to design an immersion and invariance control, where the update law 

is obtained using the immersion and invariance technique. The researchers extend the FAT-based 

controller to drive multi-agent in avoiding dynamic obstacle, considering the restriction of the space. 

This makes the method to be more appealing for the real-life implementation [42]. The Coriolis and 

inertia matrices, and gravity vector of a rigid robot has been represented by Euler-Lagrange equation 

as the basis function in a FAT-based regressor free controller [43]. The real time experimental test 

conducted has verified the effectiveness of the developed controller [43]. FAT can also be 

implemented with a backstepping controller such in [44], where the FAT equations is used to describe 

uncertain external disturbances and system dynamics in an unknown passive torque simulator (PTS) 

system. FAT-based controller has also been developed to manipulate deformable object and avoid 

inappropriate handling of the object [45]. FAT is also utilized in deriving the adaptive controller to 

estimate the deformation Jacobian matrix (DJM) of the object. Phu et al. [46] simplifies the FAT 

method to decrease the adaptive system’s order and to reduce the complexity in the calculations of 

previous FAT approach. The technique has been applied to a 4 DOF robot manipulator with flexible 

joints. FAT control has also demonstrated good results with less control effort in a prosthesis 

application using Hardware in Loop (HIL) setting, compared to the conventional computed torque 

and adaptive controllers [47]. The technique also has been implemented in an adaptive controller to 

control a robot manipulator where the measurement of the robot’s velocity is not necessary and only 

the position feedback is needed in the control law [48]. Excellent performances can be observed under 

the control technique. 

Most of previous studies focuses on solving for time invariant environment stiffness or/ and 

locations. The studies involving uncertain time-varying environment parameters are limited to a 

certain shapes or constant desired force. The solution for compensating systems with time varying 
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uncertainties is more challenging since it is not straightforward and involves further mathematical 

operations.  From the literature also, it is evident that FAT can be applied for various systems with 

time-varying uncertainties, where the regressor matrix of the system is unnecessary. However, to the 

best of the authors’ knowledge, the derivation a FAT-based control solution for a robot working in an 

unknown time-varying environment location and constant environment stiffness under various 

unknown environment conditions and desired forces, with the consideration of approximation error in 

the FAT representation can still be further explored. 

This study presents an adaptive impedance control technique for robotic finger operating under 

a limited knowledge of the environment. The main contribution of this research is the formulation of 

an adaptive impedance controller with the force tracking capability to compensate for unknown time-

varying environment location and constant environment stiffness, based on FAT method, with 

consideration of the approximation error in the FAT representation. The stability proof has been 

derived based on Lyapunov stability theory. Unlike other researches, the advantages of this method 

are: 

• The derivative of the force feedback signal that is usually noisy is not required in this control 

law. 

• No switching of the stiffness gain in the target impedance that may leads to instability, as the 

robot travels from noncontact to contact spaces is necessary. 

• Time-varying desired forces can also be achieved under the proposed control technique. The 

method is not limited to constant reference force only.  

Simulation tests has been conducted on time-varying environment location and constant stiffness, 

sinusoidally and non-continuous varying environment parameters, and inconstant desired forces. The 

effect of numerous values of initial guess on the environment stiffness has also been studied.  The 

results under the proposed controller fulfills the control objective in providing an accurate force 

tracking in the force controllable direction, whilst following a predefined position trajectory in the 

position controllable direction. The rest of the paper is organized as follows. Section 2 presents the 

FAT-based target impedance for unknown environment location and stiffness involving the derivation 

of the target impedance, update law and consideration on the approximation error with known and 

unknown upper bound. Section 3 describes the impedance controller formula. The simulation results 

under various environment stiffness, location and desired forces are presented and discussed in Section 

4. Finally, conclusion is drawn in Section 5.   

2. FAT-based Target Impedance for Unknown Environment Location and Stiffness 

The controller design starts with the derivation of the target impedance with the FAT 

representation and update law determination for the uncertain parameters based on Lyapunov stability 

theory. Then, the impedance controller is developed based on the derived target impedance. Under the 

target impedance formulation, the following cases are considered: 

• FAT-based target impedance for unknown time-varying environment location and constant 

environment stiffness. 

• FAT-based target impedance for unknown time-varying environment location and stiffness.  

• Consideration on the approximation error with known upper bound for the above two cases. 

• Consideration of the approximation error with unknown upper bound for the above two cases. 

The controller design aims in formulating a control law to drive the robot’s end effector to exert 

the required force on the environment in the force controllable direction, whilst tracking a predefined 

position trajectory in the position controllable direction in the contact space [20]-[23]. The 

environment location and stiffness are not known accurately a priori. The end effector is desired to 
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follow a predefined position trajectory in the free space. Therefore, this study proposes a two-phase 

control algorithm for the force controllable direction, which are:  

(1) Free phase, where the robotic finger is not in contact with the environment yet; and  

(2) Contact phase, where the robotic finger is in contact with the environment. 

The mathematical model of an n degree of freedom (DOF) robot can be described in the Cartesian 

space as. 

 𝑀𝑥(𝑋)𝑋̈ + 𝐶𝑥(𝑋, 𝑋̇)𝑋̇ + 𝐺𝑥(𝑋) = 𝐹𝑖𝑛 − 𝐹𝑒 , (1) 

where 𝑋 ∈ ℜ𝑛×1 , 𝑋̇ ∈ ℜ𝑛×1  and 𝑋̈ ∈ ℜ𝑛×1 are the vector of the actual location, velocity and 

acceleration of the robot’s end-effector in the operational space respectively, 𝑀𝑥(𝑋) ∈ ℜ
𝑛×𝑛 is the 

symmetric positive definite inertia matrix, 𝐶𝑥(𝑋, 𝑋̇) ∈ ℜ
𝑛×𝑛  is the coriolis and centrifugal forces 

matrix,  𝐹𝑖𝑛 ∈ ℜ
𝑛×1 is the vector of control input forces from the actuators, 𝐺𝑥(𝑋) ∈ ℜ

𝑛×1 is the 

vector of gravitational forces, and 𝐹𝑒 ∈ ℜ
𝑛×1 is the vector of forces exerted by the robot’s end effector 

on the environment. The target impedance of an n DOF robot can be described as [20]-[23]. 

 𝑀𝑑𝐸̈ + 𝐵𝑑𝐸̇ + 𝐾𝑑𝐸 = −𝐾𝑓𝐸𝑓 (2) 

where 𝐸 ∈ ℜ𝑛×1 and 𝐸𝑓 ∈ ℜ
𝑛×1 are the location vector and force error respectively, described by 

[20]-[23]. 

 𝐸 = 𝑋 − 𝑋𝑑 , 

𝐸𝑓 = 𝐹𝑒 − 𝐹𝑑 , 
(3) 

𝑋𝑑 ∈ ℜ
𝑛×1 is the vector of the reference location,𝐹𝑑 ∈ ℜ

𝑛×1 is the vector of desired force, 𝐸̇ ∈
ℜ𝑛×1and 𝐸̈ ∈ ℜ𝑛×1are the vectors of the velocity and acceleration errors respectively. 𝑀𝑑 ∈ ℜ

𝑛×𝑛 is 

the diagonal symmetric positive definite desired inertia,  𝐵𝑑 ∈ ℜ
𝑛×𝑛  is the diagonal symmetric 

positive definite desired damping factor,𝐾𝑑 ∈ ℜ
𝑛×𝑛  diagonal symmetric positive definite desired 

damping and 𝐾𝑓 ∈ ℜ
𝑛×𝑛 is the force error factor matrices. 

For simplicity, force is considered to be applied in one direction only. Let the elements of 

𝑀𝑑 , 𝐾𝑓 , 𝐵𝑑 , 𝐾𝑑 ,  𝐹𝑑 , 𝐹𝑒 , 𝑋𝑑 , 𝑋, 𝐸̈, 𝐸̇, 𝐸  and 𝐸𝑓  be denoted as 𝑚𝑑 , 𝑘𝑓 , 𝑏𝑑 , 𝑘𝑑 , 𝑓𝑑 , 𝑓𝑒 , 𝑥𝑑 , 𝑥, 𝑒̈, 𝑒̇, 𝑒  and  𝑒𝑓 

respectively. Then, the target impedance (2) can be rewritten as [20]-[23]. 

 𝑚𝑑𝑒̈ + 𝑏𝑑𝑒̇ + 𝑘𝑑𝑒 = −𝑘𝑓𝑒𝑓 . (4) 

In the non-contact mode or free space, the robot is not in interaction with the environment. For 

this phase, 𝑓𝑑 = 𝑓𝑒 = 0 From (4), the impedance controller reduces to motion control and the control 

objective becomes location trajectory tracking. In this case, the reference location, 𝑥𝑑  can be specified 

by the designer as the desired path for the robot, without considering the environment location and 

stiffness parameters. In the contact mode, the end effector is required to apply 𝑓𝑑 on the environment. 

The reference trajectory, 𝑥𝑑 that is needed to produce 𝑓𝑑 precisely requires an exact information of 

the environment stiffness and location, where [17]-[18], [20]-[23]. 

   𝑥𝑑 = 𝑥𝑒 + (𝑓𝑑/𝑘𝑒) (5) 

𝑥𝑒  and 𝑘𝑒  are the actual environment location and stiffness respectively. However, this 

information may not be known accurately beforehand in practice. In most cases, the environment 

location and stiffness may also not be constant, and the common adaptive controller could not be 

applied directly to provide a precise force-tracking.  
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2.1. FAT-based Target Impedance for Unknown Time-Varying Environment Location and 

Constant Environment Stiffness 

The robot’s end effector is required to apply the reference force, 𝐹𝑑 on the environment while in 

contact mode. In this situation, the true values of the environment stiffness, 𝐾𝑒and location, 𝑋𝑒 that 

are necessary to produce the desired force precisely, as governed in (5) may not be available a priori 

[18]. Defining the initial estimation of the environment stiffness, 𝐾𝑒
′ , initial estimation of  the 

location, 𝑋𝑒
′ , inaccuracy in the estimation of the environment stiffness, 𝛿𝐾𝑒  and inaccuracy in the 

estimation of the environment location, 𝛿𝑋𝑒 , the FAT-based adaptive target impedance in 

compensating for uncertain environment location and constant environment stiffness with time-

varying values can be proposed as. 

 𝑋𝑒
′ = 𝑋𝑒 + 𝛿𝑋𝑒 , 

𝐾𝑒
′ = 𝐾𝑒 + 𝛿𝐾𝑒 

(6) 

    𝐵𝑑𝐸̇
′ + 𝐾𝑑𝐸

′ + 𝛩1 + 𝛩2 + 𝛩3 + 𝛩4 + 𝛩5 + 𝛩6 = −𝐾𝑓𝐸𝑓 (7) 

where 𝐸′ = 𝑋 − 𝑋𝑒
′  and 𝛩1, 𝛩2, 𝛩3, 𝛩4, 𝛩5, 𝛩6  are the compensators introduced to overcome the 

uncertainties. Similarly, it is considered that the force is applied in one direction only for simplicity. 

Let  𝑒̇′, 𝑒′, 𝑥𝑒
′ , 𝑥𝑒 , 𝑓𝑑̇, 𝛿̇𝑥𝑒 , 𝛿𝑥𝑒 , 𝛺(.)  be the elements of 𝐸̇′, 𝐸′, 𝑋𝑒

′ , 𝑋𝑒 , 𝐹̇𝑑 , 𝛿̇𝑋𝑒 , 𝛿𝑋𝑒 , 𝛩(.)  respectively. 

Therefore, (6) and (7) can be rewritten as. 

 𝑏𝑑𝑒̇
′ + 𝑘𝑑𝑒

′ +𝛺1 + 𝛺2 + 𝛺3 +𝛺4 + 𝛺5 + 𝛺6 = −𝑘𝑓𝑒𝑓 , (8) 

where 𝑒′ = 𝑥𝑒
, − 𝑥 and 𝑒̇′is its time derivative. The compensators 𝛺1, 𝛺2, 𝛺3, 𝛺4, 𝛺5 and  𝛺6, can be 

expressed as. 

 
𝛺1 = −

𝑏𝑑𝑊̂1𝑍1
𝑘𝑒
′ ,    𝛺2 =

−𝑘𝑑𝑊̂2𝑍2
𝑘𝑒
′ ,   𝛺3 =

𝑏𝑑𝑊̂3𝑍3
𝑘𝑒
′ , 

𝛺4 = (𝑘𝑑𝑊̂4𝑍4)/𝑘𝑒
′ ,    𝛺5 = (−𝑏𝑑𝑓𝑑̇ − 𝑘𝑑𝑓𝑑)/𝑘𝑒

′ ,    𝛺6 = −(𝑘𝑓𝑊̂6𝑒𝑓)/𝑘𝑒
′  

(9) 

The values of 𝑘𝑒
′  and 𝑥𝑒

′ can be specified by the designer, 𝑊̂1 ∈ ℜ
1×𝛽1 , 𝑊̂2 ∈ ℜ

1×𝛽2 , 𝑊̂3 ∈

ℜ1×𝛽3 , 𝑊̂4 ∈ ℜ
1×𝛽4    and 𝑊̂6 ∈ ℜ

1×𝛽6 are the vectors of the estimated weighting function of the FAT 

expression and the true value of these estimations are constant; 𝑍1 ∈ ℜ
𝛽1×1, 𝑍2 ∈ ℜ

𝛽2×1, 𝑍3 ∈ ℜ
𝛽3×1 

and 𝑍4 ∈ ℜ
𝛽4×1 are the vectors of the time-varying basis functions of the FAT representation, and 

𝛽(.) is the number of the basis functions employed.  

Since the actual values of 𝑊̂(.) are constants, Lyapunov stability theory can be used to obtain their 

update law as. 

 𝑊̇̂1 = −𝑄1
−1𝑏𝑑𝑍1𝑒𝑓 , 𝑊̇̂2 = −𝑄2

−1𝑘𝑑𝑍2𝑒𝑓 ,    𝑊̇̂3 = 𝑄3
−1𝑏𝑑𝑍3𝑒𝑓 , 

𝑊̇̂4 = 𝑄4
−1𝑘𝑑𝑍4𝑒𝑓 , 𝑊̇̂6 = −𝑄6

−1𝑘𝑓𝑒𝑓
2, 

(10) 

where 𝑄(.)
−1 ∈ ℜ𝛽(.)×𝛽(.) are the diagonal positive definite symmetric matrices of the adaptation gain.  

Theorem: Provided that the target impedance is achieved, the implementation of the proposed 

FAT-based target impedance (8) and adaptive update laws (10), on a robotic system operating under 

inexact knowledge of time-varying environment location and constant environment stiffness, leads to 

the asymptotic convergence of the force error to zero, 𝑒𝑓 → 0. 

Proof: The force, 𝑓𝑒  applied by the robotic finger on the environment, and its derivative 𝑓𝑒̇ can 

be obtained using the mathematical model of the environment as [17]-[18], [20]-[23]. 
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 𝑓𝑒 = 𝑘𝑒(𝑥 − 𝑥𝑒), 

𝑓𝑒̇ = 𝑘𝑒(𝑥̇ − 𝑥̇𝑒)   
(11) 

Let 𝑓𝑒𝑒1 represents the inaccurate force applied to the environment because of the incomplete 

information of the constant environment stiffness and time-varying environment location. This 

variable be defined as. 

 𝑓𝑒𝑒1 = (𝑘𝑒 + 𝛿𝑘𝑒)(𝑥 − (𝑥𝑒 + 𝛿𝑥𝑒)) (12) 

Since 𝑘𝑒 and 𝛿𝑘𝑒 in this case are constants, the derivative of (12), 𝑓𝑒̇𝑒1 can be determined as 

 𝑓𝑒̇𝑒1 = (𝑘𝑒 + 𝛿𝑘𝑒)(𝑥̇ − (𝑥̇𝑒 + 𝛿̇𝑥𝑒)) (13) 

Utilizing (12) and (13), 

 𝑥 =
𝑓𝑒𝑒1

(𝑘𝑒+𝛿𝑘𝑒)
+ (𝑥𝑒 + 𝛿𝑥𝑒),   𝑥̇ =

𝑓̇𝑒𝑒1
(𝑘𝑒+𝛿𝑘𝑒)

+ (𝑥̇𝑒 + 𝛿̇𝑥𝑒).         (14) 

From (11) - (13), 𝑓𝑒𝑒1 and 𝑓𝑒̇𝑒1 can also be rewritten as. 

 𝑓𝑒𝑒1 = 𝑓𝑒 + 𝛿𝑘𝑒(𝑥 − (𝑥𝑒 + 𝛿𝑥𝑒)) − 𝑘𝑒𝛿𝑥𝑒 ,         (15) 

 𝑓𝑒̇𝑒1 = 𝑓𝑒̇ + 𝛿𝑘𝑒 (𝑥̇ − (𝑥̇𝑒 + 𝛿̇𝑥𝑒)) − 𝑘𝑒𝛿̇𝑥𝑒 .         (16) 

Substituting (14) - (16) into (8) and multiplying the resulting equation by 𝑘𝑒
′ , the modified target 

impedance becomes. 

 𝑏𝑑𝑒̇𝑓 + 𝑘𝑑𝑒𝑓 + 𝑏𝑑𝛿𝑘𝑒 (𝑥̇ − (𝑥̇𝑒 + 𝛿̇𝑥𝑒)) − 𝑏𝑑𝑘𝑒𝛿̇𝑥𝑒 + 𝑘𝑑𝛿𝑘𝑒(𝑥 − (𝑥𝑒 + 𝛿𝑥𝑒)) 

−𝑘𝑑𝑘𝑒𝛿𝑥𝑒 + 𝑘𝑓(𝑘𝑒 + 𝛿𝑘𝑒)𝑒𝑓 − 𝑏𝑑𝑊̂1𝑍1 − 𝑘𝑑𝑊̂2𝑍2 + 𝑏𝑑𝑊̂3𝑍3 + 𝑘𝑑𝑊̂4𝑍4 

−𝑘𝑓𝑊̂6𝑒𝑓 = 0         

(17) 

The third to seventh term on the left-hand side of (17) are related to the inaccuracy in the estimation 

of the environment stiffness, 𝛿𝑘𝑒  and location,𝛿𝑥𝑒 . These terms can be estimated using adaptive 

strategy by first expressing them using FAT representation, where. 

 𝛿𝑘𝑒 (𝑥̇ − (𝑥̇𝑒 + 𝛿̇𝑥𝑒)) = 𝑊1𝑍1 + 𝜀1 , 

𝛿𝑘𝑒(𝑥 − (𝑥𝑒 + 𝛿𝑥𝑒)) = 𝑊2𝑍2 + 𝜀2, 

𝑘𝑒𝛿̇𝑥𝑒 = 𝑊3𝑍3 + 𝜀3, 

𝑘𝑒𝛿𝑥𝑒 = 𝑊4𝑍4 + 𝜀4, 

  𝛿𝑘𝑒 = 𝑊6 + 𝜀6.       

(18) 

And 𝑊(.) ∈ ℜ
1×𝛽(.)are the constant true weighting vectors, and 𝜀(.) is the approximation error. At 

this stage, the approximation error, 𝜀(.) are regarded as zero since it is assumed that number of basis 

function utilized are a sufficient [20]-[23]. Then, the corresponding estimations of (18), as in the 8th 

to 12th term of (17) becomes. 

 𝛿𝑘𝑒 (𝑥̇ − (𝑥̇𝑒 + 𝛿̂̇𝑥𝑒)) = 𝑊̂1𝑍1, 

  𝛿𝑘𝑒 (𝑥 − (𝑥𝑒 + 𝛿𝑥𝑒)) = 𝑊̂2𝑍2, 

(19) 
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𝑘̂𝑒 𝛿̂̇𝑥𝑒 = 𝑊̂3𝑍3, 

𝑘̂𝑒𝛿𝑥𝑒 = 𝑊̂4𝑍4, 

𝛿𝑘𝑒 = 𝑊̂6, 

where 𝑊̂(.) ∈ ℜ
1×𝛽(.) are the estimation of 𝑊(.) [20]-[23]. 

In (18) and (19), it can be observed that, FAT can be used to estimate time-varying expressions, 

including the ones which are the functions of 𝑥 and 𝑥̇. Since the expressions are represented as the 

multiplication of the vectors of the constant weighting and time-varying basis functions, Lyapunov 

stability theory can be used to easily determine the adaptive update law. On the contrary, this cannot 

be done by adopting the standard adaptive scheme directly. Substituting (18) into (17), and defining 

the estimation error as 𝑊̃(.) = 𝑊(.) − 𝑊̂(.), the modified target impedance becomes. 

 𝑏𝑑𝑒̇𝑓 + (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 + 𝑏𝑑𝑊̃1𝑍1 + 𝑘𝑑𝑊̃2𝑍2  − 𝑏𝑑𝑊̃3𝑍3 − 𝑘𝑑𝑊̃4𝑍4 + 𝑘𝑓𝑊̃6𝑒𝑓 = 0 (20) 

The Lyapunov-like function candidate can be selected as. 

 𝑉 =
1

2
𝑒𝑓 𝑏𝑑𝑒𝑓 +

1

2
𝑊̃1

𝑇𝑄1𝑊̃1 +
1

2
𝑊̃2

𝑇𝑄2𝑊̃2 + 
1

2
𝑊̃3

𝑇𝑄3𝑊̃3 +
1

2
𝑊̃4

𝑇𝑄4𝑊̃4 +
1

2
𝑊̃6

𝑇𝑄6𝑊̃6         (21) 

Differentiating (21) with respect to time yields. 

 𝑉̇ = 𝑒𝑓 𝑏𝑑𝑒̇𝑓 − 𝑊̃1
𝑇𝑄1𝑊̇̂1 − 𝑊̃2

𝑇𝑄2𝑊̇̂2 − 𝑊̃3
𝑇𝑄3𝑊̇̂3 − 𝑊̃4

𝑇𝑄4𝑊̇̂4 − 𝑊̃6
𝑇𝑄6𝑊̇̂6.         (22) 

Substituting 𝑏𝑑𝑒̇𝑓 from (20) into (22) gives. 

 𝑉̇ = −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 + 𝑊̃1 [−𝑏𝑑𝑍1𝑒𝑓 − 𝑄1𝑊̇̂1] + 𝑊̃2 [−𝑘𝑑𝑍2𝑒𝑓 − 𝑄2𝑊̇̂2] 

        +𝑊̃3 [𝑏𝑑𝑍3𝑒𝑓 − 𝑄3𝑊̇̂3] + 𝑊̃4 [𝑘𝑑𝑍4𝑒𝑓 − 𝑄4𝑊̇̂4] + 𝑊̃6 [−𝑘𝑓𝑒𝑓
2 − 𝑄6𝑊̇̂6] 

(23) 

Substituting the adaptive update laws (10) into (24), 𝑉̇ can finally becomes. 

 𝑉̇ = −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓         (24) 

The second time derivative of (23) can be obtained as. 

 𝑉̈ = −2𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒̇𝑓         (25) 

From (21) and (24), since 𝑉  is positive definite and 𝑉̇  is negative semi-definite, it can be 

concluded that the force error, 𝑒𝑓 and estimation errors  𝑊̃(.) are bounded. From (20) and (25) it can 

be deduced that 𝑉̈is also bounded. Therefore, using Barbalat’s lemma, 𝑙𝑖𝑚 𝑉̇
𝑡→∞

= 0, which implies 

that 𝑙𝑖𝑚𝑒𝑓 = 0
𝑡→∞

 and 𝑙𝑖𝑚𝑓𝑒 =
𝑡→∞

𝑓𝑑.   

Remark 1: Note that in (19), 𝛿𝑘𝑒  is represented by 𝑊̂6, without being multiplied by a basis 

function since the unknown environment stiffness is constant in this case. 

2.2. Consideration on the Approximation Error with Known Upper Bound for Unknown 

Time-Varying Environment Location and Constant Environment Stiffness 

The controller development in Section 2.1 assumes that there is enough number of basis function 

in FAT representation and thus, the approximation error in (18) is regarded to be zero [20]-[23]. 

However, in the event where there is insufficient number of basis functions, the approximation error 

in the Fourier Series in (18) need to be taken into account. Otherwise, the proposed target impedance 

(8) may not guarantee the convergence of the force error to zero. Assuming the complete information 
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of the upper bound for the approximation error is available, then target impedance (8) can be adjusted 

by inserting a new compensator, 𝛺𝑟𝑜𝑏𝑢𝑠𝑡3, 

         𝑏𝑑𝑒̇
′ + 𝑘𝑑𝑒

′ + 𝛺1 + 𝛺2 +𝛺3 + 𝛺4 + 𝛺5 + 𝛺6 + 𝛺𝑟𝑜𝑏𝑢𝑠𝑡3 = −𝑘𝑓𝑒𝑓 (26) 

Where 

 
𝛺𝑟𝑜𝑏𝑢𝑠𝑡3 =

𝛿𝑟𝑜𝑏𝑢𝑠𝑡3sgn(𝑒𝑓)

𝑘𝑒
′          (27) 

And 𝛿𝑟𝑜𝑏𝑢𝑠𝑡3  is a positive constant such that ‖𝜀𝑡𝑜𝑡𝑎𝑙3‖ ≤ 𝛿𝑟𝑜𝑏𝑢𝑠𝑡3,  and  𝜀𝑡𝑜𝑡𝑎𝑙3 = 𝑏𝑑𝜀3 −
𝑏𝑑𝜀1 + 𝑘𝑑𝜀4 − 𝑘𝑑𝜀2. Substituting (14)-(16) into (26), utilizing (18) and multiplying the equation with 

𝑘𝑒
′  yields. 

 𝑏𝑑𝑒̇𝑓 + (𝑘𝑑 + 𝑘𝑒)𝑒𝑓 + 𝑏𝑑𝑊̃1𝑍1 + 𝑘𝑑𝑊̃2𝑍2 − 𝑏𝑑𝑊̃3𝑍3

 − 𝑘𝑑𝑊̃4𝑍4 + 𝑘𝑓𝑊̃6𝑒𝑓 + 𝑏𝑑𝜀1 + 𝑘𝑑𝜀2 − 𝑏𝑑𝜀3 − 𝑘𝑑𝜀4 + 𝑘𝑒
′𝛺𝑟𝑜𝑏𝑢𝑠𝑡3 = 0

 (28) 

In comparison to (20), (28) contains additional terms which are due to the approximation 

errors 𝜀1, 𝜀2, 𝜀3 and 𝜀4, and the compensator, 𝛺𝑟𝑜𝑏𝑢𝑠𝑡3. Choosing the same Lyapunov-like function 

candidate as (21) and substituting 𝑏𝑑𝑒̇𝑓 from (28) and update law (10) into its derivative, 𝑉̇ can be 

rewritten as. 

 𝑉̇ = −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 + 𝑒𝑓𝜀𝑡𝑜𝑡𝑎𝑙3 − 𝑘𝑒
′𝑒𝑓𝛺𝑟𝑜𝑏𝑢𝑠𝑡3         (29) 

And 

 𝑉̇ ≤ −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 + ‖𝑒𝑓‖𝛿𝑟𝑜𝑏𝑢𝑠𝑡3 − 𝑘𝑒
′𝑒𝑓𝛺𝑟𝑜𝑏𝑢𝑠𝑡3         (30) 

Substituting (27) into (30) gives 

 𝑉̇ ≤ −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 ≤ 0         (31) 

which is similar to the result in (24). Similarly, using Barbalat’s lemma as in Section 2.1, the 

convergence of the force error to zero can be proven.  The sgn(𝑒𝑓) function in (27) can be replaced 

with the continuous function, 
𝑒𝑓

𝛿𝑒𝑓+|𝑒𝑓|
 to avoid chattering effect in the tracking outcomes.  

2.3. Consideration of the Approximation Error with Unknown Upper Bound for Unknown 

Time-Varying Environment Location and Constant Environment Stiffness 

If an insufficient number of basis functions is utilized, the approximation error in the Fourier 

series (18) will be significant. Suppose that the upper bound of the approximation error is unknown, 

the stability of the system with target impedance (8) can be guaranteed by modifying the update laws 

by introducing 𝜎-modification terms where. 

 𝑊̇̂1 = −𝑄1
−1(𝑏𝑑𝑍1𝑒𝑓 + 𝜎1𝑊̂1), 

𝑊̇̂2 = −𝑄2
−1(𝑘𝑑𝑍2𝑒𝑓 + 𝜎2𝑊̂2), 

𝑊̇̂3 = 𝑄3
−1(𝑏𝑑𝑍3𝑒𝑓 − 𝜎3𝑊̂3), 

  𝑊̇̂4 = 𝑄4
−1(𝑘𝑑𝑍4𝑒𝑓 − 𝜎4𝑊̂4), 

𝑊̇̂6 = −𝑄6
−1(𝑘𝑓𝑒𝑓

2 + 𝜎𝑘𝑊̂𝑘). 

(32) 
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and 𝜎(.) are positive constants. The detailed explanation on the stability analysis with the 𝜎 -

modification terms for unknown upper bound of the approximation error, where the system errors  

𝑒𝑓 , 𝑊̃𝑘 , 𝑊̃1, 𝑊̃2, 𝑊̃3 and 𝑊̃4 are uniformly ultimately bounded can be found in [23]. 

2.4. FAT-based Target Impedance for Unknown Time-Varying Environment Location and 

Stiffness  

The target impedance in (7) is extended to deal with both uncertain time-varying environment 

location and stiffness conditions. Therefore, during contact phase, the target impedance in the force 

controllable direction is proposed as [20]-[23]. 

 𝐵𝑑𝐸̇
′ + 𝐾𝑑𝐸

′ + 𝛩1 + 𝛩2 + 𝛩3 + 𝛩4 + 𝛩5 + 𝛩6𝑣 + 𝛩7𝑣 = −𝐾𝑓𝐸𝑓         (33) 

Similarly, force is exerted in one direction only. Therefore, (33) can be written as [20]-[23]. 

 𝑏𝑑𝑒̇
′ + 𝑘𝑑𝑒

′ + 𝛺1 + 𝛺2 + 𝛺3 + 𝛺4 + 𝛺5 + 𝛺6𝑣 + 𝛺7𝑣 = −𝑘𝑓𝑒𝑓 .         (34) 

The compensators 𝛺1, 𝛺2, 𝛺3, 𝛺4, 𝛺5 are similar to the ones in (8). 𝛺6𝑣 is modified from 𝛺6 and 

𝛺7𝑣  is added to overcome the nonconstant uncertainties in the environment stiffness. These 

compensators can be expressed as [21]. 

 𝛺6𝑣 = −(𝑘𝑓𝑊̂6𝑣𝑍6𝑣𝑒𝑓)/𝑘𝑒
′ ,   𝛺7𝑣 = 𝑏𝑑𝑊̂7𝑣𝑍7𝑣/𝑘𝑒

′ ,         (35) 

where 𝑊̂6𝑣 ∈ ℜ
1×𝛽6𝑣 and 𝑊̂7𝑣 ∈ ℜ

1×𝛽7𝑣 are the estimated constant vectors of  weighting function, 

and 𝑍6𝑣 ∈ ℜ
𝛽6𝑣×1  and 𝑍7𝑣 ∈ ℜ

𝛽7𝑣×1  are the time-varying vectors of basis function of the FAT 

representation, which are introduced to overcome the uncertain time-varying environment stiffness. 

By the application of Lyapunov stability theory, the update laws for the adaptation can be obtained 

as. 

 𝑊̇̂6𝑣 = −𝑄6𝑣
−1𝑘𝑓𝑍6𝑣𝑒𝑓

2, 

𝑊̇̂7𝑣 = 𝑄7𝑣
−1𝑏𝑑𝑍7𝑣𝑒𝑓 . 

(36) 

Theorem: Given that the target impedance is attained, with the FAT adaptive target impedance 

(34), update laws (36) and the first 4 update laws in (10), the force error asymptotically converges to 

zero, 𝑒𝑓 → 0 and the force exerted by the robot’s end effector converges the desired value,𝑓𝑒 → 𝑓𝑑 

and as 𝑡 → ∞, despite the time-varying uncertainties in the environment parameters. 

Proof: From 𝑓𝑒 in (11), the derivative of the force applied by the robotic finger, considering the 

time-varying uncertainty in the environment stiffness. 𝑓𝑒̇𝑣  can be written as [21]. 

 𝑓𝑒̇𝑣 = 𝑘𝑒(𝑥̇ − 𝑥̇𝑒) + 𝑘̇𝑒(𝑥 − 𝑥𝑒).         (37) 

From (12), the derivative of the inaccurate force due to both uncertain time-varying environment 

stiffness and location, denoted as 𝑓𝑒̇𝑒1𝑣 can be derived as [21]. 

 𝑓𝑒̇𝑒1𝑣 = (𝑘𝑒 + 𝛿𝑘𝑒) (𝑥̇ − (𝑥̇𝑒 + 𝛿̇𝑥𝑒)) + (𝑘̇𝑒 + 𝛿̇𝑘𝑒)(𝑥 − (𝑥𝑒 + 𝛿𝑥𝑒)).             (38) 

Substituting 𝑥 and 𝑥̇ from (14) into the FAT-based adaptive target impedance in (34) results in [21]. 

 𝑏𝑑 (
𝑓̇𝑒𝑒1𝑣

𝑘𝑒
′ −

(𝑘̇𝑒+𝛿̇𝑘𝑒)(𝑥−(𝑥𝑒+𝛿𝑥𝑒))

𝑘𝑒
′ ) −

𝑏𝑑𝑓̇𝑑−𝑘𝑑𝑓𝑑

𝑘𝑒
′ +

−𝑏𝑑𝑊̂1𝑍1−𝑘𝑑𝑊̂2𝑍2

𝑘𝑒
′ +

𝑏𝑑𝑊̂7𝑣𝑍7𝑣

𝑘𝑒
′ + 𝑘𝑑

𝑓𝑒𝑒1

𝑘𝑒
′ +

𝑏𝑑𝑊̂3𝑍3+𝑘𝑑𝑊̂4𝑍4

𝑘𝑒
′ −

𝑘𝑓𝑊̂6𝑣𝑍6𝑣𝑒𝑓

𝑘𝑒
′ = −𝑘𝑓𝑒𝑓 .         

(39) 
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and then utilizing (15) and (38), the target impedance in (39) can be further expanded as [21]. 

 𝑏𝑑
𝑒̇𝑓

𝑘𝑒
′ + 𝑘𝑑

𝑒𝑓

𝑘𝑒
′ +

𝑏𝑑𝛿𝑘𝑒(𝑥̇−(𝑥̇𝑒+𝛿̇𝑥𝑒))

𝑘𝑒
′ −

𝑘𝑓𝑊̂6𝑣𝑍6𝑣𝑒𝑓

𝑘𝑒
′ +

𝑘𝑑𝛿𝑘𝑒(𝑥−(𝑥𝑒+𝛿𝑥𝑒))

𝑘𝑒
′ +

−𝑏𝑑𝑘𝑒𝛿̇𝑥𝑒−𝑘𝑑𝑘𝑒𝛿𝑥𝑒

𝑘𝑒
′ +

−𝑏𝑑𝑘̇𝑒(𝑥−𝑥𝑒)

𝑘𝑒
′ +

−𝑏𝑑𝑊̂1𝑍1−𝑘𝑑𝑊̂2𝑍2

𝑘𝑒
′ +

𝑏𝑑𝑊̂3𝑍3+𝑘𝑑𝑊̂4𝑍4

𝑘𝑒
′ +

𝑏𝑑𝑊̂7𝑣𝑍7𝑣

𝑘𝑒
′ = −𝑘𝑓𝑒𝑓         

(40) 

Using FAT, the following functions can be expressed as [21]. 

 𝛿𝑘𝑒 = 𝑊6𝑣𝑍6𝑣 + 𝜀6𝑣,  𝑘̇𝑒(𝑥 − 𝑥𝑒)  = 𝑊7𝑣𝑍7𝑣 + 𝜀7𝑣 ,         (41) 

and their respective estimations can be written as [21]. 

 𝛿𝑘𝑒 = 𝑊̂6𝑣𝑍6𝑣,  𝑘̂̇𝑒(𝑥 − 𝑥𝑒)  = 𝑊̂7𝑣𝑍7𝑣.         (42) 

In (41), a sufficient number of basis functions is assumed that used in the controller and therefore 

𝜀 = 0. Substituting 𝑊1, 𝑍1,𝑊2, 𝑍2,𝑊3, 𝑍3,𝑊4, 𝑍4  from (18), and the FAT representations in (41)- 

(42) into (40), and multiplying 𝑘𝑒
′  with the resulting equation gives  [21]. 

 𝑏𝑑𝑒̇𝑓 = −(𝑘𝑑 + 𝑘𝑓𝑘𝑒)𝑒𝑓 − 𝑏𝑑𝑊̃1𝑍1 + 𝑏𝑑𝑊̃3𝑍3 − 𝑘𝑑𝑊̃2𝑍2 + 𝑘𝑑𝑊̃4𝑍4 + 𝑏𝑑𝑊̃7𝑣𝑍7𝑣 − 𝑘𝑓𝑊̃6𝑣𝑍6𝑣𝑒𝑓.         (43) 

The Lyapunov-like function candidate is chosen as [21]. 

 𝑉 =
1

2
𝑒𝑓 𝑏𝑑𝑒𝑓 +

1

2
𝑊̃1

𝑇𝑄1𝑊̃1 +
1

2
𝑊̃2

𝑇𝑄2𝑊̃2 +
1

2
𝑊̃3

𝑇𝑄3𝑊̃3 +
1

2
𝑊̃4

𝑇𝑄4𝑊̃4 +
1

2
𝑊̃6𝑣

𝑇 𝑄6𝑣𝑊̃6𝑣 +
1

2
𝑊̃7𝑣

𝑇 𝑄7𝑣𝑊̃7𝑣 .         (44) 

Substituting 𝑏𝑑𝑒̇𝑓 from (43), the update laws for 𝑊̇̂1, 𝑊̇̂2, 𝑊̇̂3, 𝑊̇̂4 from (10) and the adaptation 

law for 𝑊̇̂6𝑣, 𝑊̇̂7𝑣  from (36) into the derivative of (44), 𝑉̇ can be finally reduced to [21]. 

  𝑉̇ = −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 .         (45) 

Since 𝑉 > 0and 𝑉̇ ≤ 0as can be seen in (44) and (45) respectively, the estimation errors 𝑊̃(.) and 

force error, 𝑒𝑓 are the bounded. To evaluate the convergence of 𝑒𝑓 , 𝑉̇ can be differentiated and 𝑉̈ is 

also bounded, while 𝑉̇  is uniformly continuous. Therefore, utilizing Barbalat’s lemma, it can be 

deduced that 𝑙𝑖𝑚 𝑉̇
𝑡→∞

= 0. From (45), this implies that 𝑙𝑖𝑚 𝑒𝑓
𝑡→∞

= 0 and 𝑙𝑖𝑚 𝑓𝑒
𝑡→∞

= 𝑓𝑑 [21]. 

Remark 2: In comparison to the FAT representation of 𝛿𝑘𝑒 by 𝑊̂6 in (19), the 𝛿𝑘𝑒 for uncertain 

time-varying environment stiffness in (42) is represented by the multiplication of the time-varying 

basis function and constant weighting function, i.e.  𝑊̂6𝑣𝑍6𝑣 .  This is because  𝛿𝑘𝑒  in (42) is an 

uncertain time-varying environment stiffness. 

Remark 3:  It should be noted that all the target impedances and update laws proposed in (7)-

(10), (33)-(36) do not require the noisy force feedback derivative signal, 𝑓𝑒̇. This property is useful in 

the practical implementation of the controller. 

2.5. Consideration on the Approximation Error with Known Upper Bound for Unknown 

Time-Varying Environment Location and Stiffness 

 Suppose that an insufficient number of basis function is utilized and therefore, the approximation 

error in the Fourier Series in (18) and (41) cannot be ignored, the proposed target impedance (34) is 

unable to guarantee the convergence of the force error to zero. This problem can be solved by 

incorporating a new compensator, 𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 in target impedance (34) if the information of the upper 

bound of the approximation error is available, giving. 

 𝑏𝑑(𝑥̇𝑒
′ − 𝑥̇) + 𝑘𝑑(𝑥𝑒

′ − 𝑥) + 𝛺1 + 𝛺2 + 𝛺3 + 𝛺4 + 𝛺5 + 𝛺6𝑣 + 𝛺7𝑣 + 𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 = −𝑘𝑓𝑒𝑓           (46) 

where 
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𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 =

𝛿𝑟𝑜𝑏𝑢𝑠𝑡4sgn(𝑒𝑓)

𝑘𝑒
′ .         (47) 

𝛿𝑟𝑜𝑏𝑢𝑠𝑡4  is a positive constant such that ‖𝜀𝑡𝑜𝑡𝑎𝑙4‖ ≤ 𝛿𝑟𝑜𝑏𝑢𝑠𝑡4,  and 𝜀𝑡𝑜𝑡𝑎𝑙4 = 𝑏𝑑𝜀3 − 𝑏𝑑𝜀1 +
𝑘𝑑𝜀4 − 𝑘𝑑𝜀2 + 𝑏𝑑𝜀7𝑣 − 𝑘𝑓𝜀6𝑣𝑒𝑓.  

The stability proof can be found by rearranging and substituting (37)-(38) into (46) and 

multiplying the equation with 𝑘𝑒
′  yields. 

 𝑏𝑑𝑒̇𝑓 + (𝑘𝑑 + 𝑘𝑓𝑘𝑒)𝑒𝑓 + 𝑏𝑑𝑊̃1𝑍1 + 𝑘𝑑𝑊̃2𝑍2 − 𝑏𝑑𝑊̃3𝑍3 − 𝑘𝑑𝑊̃4𝑍4 − 𝑏𝑑𝑊̃7𝑣𝑍7𝑣 

+𝑘𝑓𝑊̃6𝑣𝑍6𝑣𝑒𝑓 + 𝑏𝑑𝜀1 + 𝑘𝑑𝜀2 − 𝑏𝑑𝜀3 − 𝑘𝑑𝜀4 − 𝑏𝑑𝜀7𝑣 + 𝑘𝑓𝜀6𝑣𝑒𝑓 + 𝑘𝑒
′𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 = 0         

(48) 

Choosing the same Lyapunov-like function candidate as (44) and substituting 𝑏𝑑𝑒̇𝑓 from (48) 

and update laws (10), (36) into its derivative, 𝑉̇ can be rewritten as. 

 𝑉̇ = −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 + 𝑒𝑓𝜀𝑡𝑜𝑡𝑎𝑙4 − 𝑘𝑒
′𝑒𝑓𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 (49) 

And 

 𝑉̇ ≤ −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 + ‖𝑒𝑓‖𝛿𝑟𝑜𝑏𝑢𝑠𝑡4 − 𝑘𝑒
′𝑒𝑓𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 (50) 

Substituting (47) into (50) gives. 

 𝑉̇ ≤ −𝑒𝑓 (𝑘𝑑 + 𝑘𝑒𝑘𝑓)𝑒𝑓 ≤ 0         (51) 

which is similar to the result in (45). Similarly, the convergence of the force error to zero can be further 

proven by the application of Barbalat’s lemma [23]. The chattering effect can be reduced by replacing 

the discontinuous function, sgn(𝑒𝑓)  in (47) with the continuous function, 𝛺𝑟𝑜𝑏𝑢𝑠𝑡4 =
𝛿𝑟𝑜𝑏𝑢𝑠𝑡4

𝑘𝑒
′ (

𝑒𝑓

𝛿𝑒𝑓+|𝑒𝑓|
), where 𝛿𝑒𝑓 is a small constant value chosen between 0 to 0.1 [23].  

2.6. Consideration of the Approximation Error with Unknown Upper Bound for Unknown 

Time-Varying Environment Location and Stiffness 

Insufficient number of basis functions will lead to the approximation error in the FAT 

representation to be significant. If the upper bound of the approximation error is unknown, the error 

of the system can be proven to be uniformly ultimately bounded by the same target impedance in (34) 

and incorporating 𝜎-modification terms. Using this method, it can be proven that the errors are 

uniformly ultimately bounded [23]. 

3. Impedance Controller 

The control input force, 𝐹𝑖𝑛 in (1) is necessary to bring the robotic system to reach the target 

impedance and finally achieve zero force and position tracking errors. Using the target impedance in 

(2), (7) and (33), this can be done by defining the augmented impedance error [20]-[23], 𝑍 as. 

 

𝑍 =

{
  
 

  
 
𝑍𝑓  for free space in the force and position controllable directions          

𝑍𝑐 
for contact space in the force controllable direction with                     

 unknown constant stiffness and time-varying environment location 

 

𝑍𝑐𝑣 
 for contact space in the force controllable direction with                 

unknown time-varying environment  stiffness and location             

         (52) 
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Under the contact space, for the force controllable direction and under unknown constant 

environment stiffness and time-varying environment location, the augmented impedance error, 𝑍𝑐  
can be determined by rearranging (7) and multiplying the equation with matrix 𝐵𝑑

−1, yielding. 

 𝑍𝑐 = 𝐵𝑑
−1(𝛩3 + 𝛩4 + 𝛩5 + 𝛩6 + 𝐾𝑓𝐸𝑓)  + 𝐵𝑑

−1(𝐾𝑑𝐸
′ + 𝛩1 + 𝛩2) + 𝐸̇

′,         (53) 

where   𝐸′ = 𝑋 − 𝑋𝑒
′  and 𝐸̇′ ∈ ℜ𝑛×1  is its time derivative [20]-[23]. Similarly, the augmented 

impedance error, 𝑍𝑐𝑣 to overcome both uncertain time-varying environment location and stiffness can 

be obtained by multiplying (33) with 𝐵𝑑
−1 and rearranging the equation, [20]-[23]. 

 𝑍𝑐𝑣 = 𝐵𝑑
−1(𝛩3 +𝛩4 +𝛩5 +𝛩6𝑣 + 𝛩7𝑣 + 𝐾𝑓𝐸𝑓) + 𝐵𝑑

−1(𝐾𝑑𝐸
′ + 𝛩1 + 𝛩2) + 𝐸̇

′.         (54) 

Under the free space,  𝑍𝑓  in the position and force controllable directions this phase can be 

obtained from (2) by defining [53]. 

         𝑍𝑓 = 𝛼𝐸 + 𝐸̇ + 𝐸𝑓𝑙  (55) 

where 𝑀𝑑𝐸̇𝑓𝑙 + 𝜂𝑀𝑑𝐸𝑓𝑙 = 𝐸𝑓 . 𝛼 and 𝜂 are positive definite matrices [20]-[23], [53] chosen such that. 

 𝐵𝑑 −𝑀𝑑𝜂 −𝑀𝑑𝛼 = 0,  𝐾𝑑 −𝑀𝑑𝛼𝜂 −𝑀𝑑𝛼̇ = 0         (56) 

The control input as in as in [53] is employed using the defined Z in (52), where. 

 𝐹𝑖𝑛 = 𝐹𝑒 − 𝐾𝑍   − (𝐾1‖𝑋̈𝑟‖ + 𝐾2‖𝑋̇‖‖𝑋̇𝑟‖ + 𝐾3) (
𝑍

𝑍+𝛿𝑧
)         (57) 

And 

 𝑍 = −𝑋̇𝑟 + 𝑋̇         (58) 

The control parameters 𝐾 ∈ ℜ𝑛×𝑛, 𝐾1 ∈ ℜ
𝑛×𝑛, 𝐾2 ∈ ℜ

𝑛×𝑛, and 𝐾3 ∈ ℜ
𝑛×𝑛are definite positive 

diagonal matrices, in which their elements are chosen large enough such that 𝑘𝑀 ≥
‖𝑀(𝑋)‖, 𝑘𝐶‖𝑋̇‖ ≥ ‖𝐶(𝑋, 𝑋̇)‖,  𝑘𝐺 ≥ ‖𝐺(𝑋)‖  𝑘1,𝑖 ≥ 𝑘𝑀, 𝑘2,𝑖 ≥ 𝑘𝐶, 𝑘3,𝑖 ≥ 𝑘𝐺, for 𝑖 = 1,2, . . . , 𝑛, 

[53].  𝑋̇𝑟 ∈ ℜ
𝑛×1 is the reference velocity vector and 𝛿𝑧 ∈ ℜ

𝑛×1 is the vector of positive constants 

incorporated to avoid input chattering problem. The detailed stability analysis for the augmented 

impedance error and control law (55)-(58) can be found in [53]. Fig. 1 shows the block diagram of the 

proposed Function Approximation Technique-based adaptive force-tracking impedance control for 

unknown time-varying environment. 

4. Simulation Results and Discussions 

A simulation study has been conducted to evaluate the effectiveness of the proposed controller 

in MATLAB environment. A 2 DOF robotic finger as in [20]-[23] is used in the simulation and the 

sampling time has been chosen as 0.001 s. The complete dynamic modelling of the robotic finger can 

be found in [23]. In this simulation, it is assumed that all the robotic finger parameters are known and 

available. During the free phase, 𝑓𝑑 = 0 since the robotic finger has no contact with the environment.  

The robot is required to exert the desired force, 𝑓𝑑  in x-direction on the environment’s surface, while 

tracking a desired trajectory, 𝑦𝑑 along y-axis in the contact space. The first 11 terms(𝛽(.) = 11) of 

Fourier Series have been selected to represent the estimation of the uncertainties,𝑊̂(.)𝑍(.). The period 

of the Fourier Series is set to be larger than the simulation time to ensure a valid range of time for the 

function to be orthonormal [20]-[23], [39]. The controller parameters have been tuned as. 

 𝐾 = 𝑑𝑖𝑎𝑔[4200,500], 𝐾1 = 𝑑𝑖𝑎𝑔[10,30],𝐾2 = 𝑑𝑖𝑎𝑔[20,10], 𝐾3 = 𝑑𝑖𝑎𝑔[7000,3000],  

𝐵𝑑 = 𝑑𝑖𝑎𝑔[1270,110], 𝐾𝑑 = 𝑑𝑖𝑎𝑔[3000,3000], 𝐾𝑓 = 𝑑𝑖𝑎𝑔[10,0], 𝛿𝑧 = [1,1]
𝑇 , 

(59) 
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           𝑀𝑑 = {
𝑑𝑖𝑎𝑔[1,1]  (free space)  

𝑑𝑖𝑎𝑔[0,1]     (contact space)
         

And the values of 𝛼 and 𝜂 are directly calculated from (56) using the values of 𝑀𝑑 , 𝐵𝑑 and  𝐾𝑑 

in (56). The controller gains have been tuned manually. In the tuning process, these gains are adjusted 

first so that the shape of the actual force is as close as possible to the desired force. Then, the adaptation 

gains, 𝑄(  ) are fine-tuned with the initial guess of identity matrices until the steady state error becomes 

zero. Increasing the value of each of the gains little by little will cause the actual result to be closer to 

the desired output. However, if the value is too high, it will cause the resulting force to vibrate. When 

this occur, the value of the gain needs to be reduced to the value that gives the closest output to the 

desired force and then, the gain needs to be fine-tuned. This tuning process is repeated for the rest of 

the gains until the best result is achieved. No optimization algorithm has been employed to automate 

the tuning process in this work. 

 

Fig. 1. Block diagram of the proposed controller 

4.1. Unknown Constant Environment Stiffness and Time-Varying Environment Location  

In this simulation, the proposed target impedance (8) and update laws (10) are tested to overcome 

the uncertain constant environment stiffness and time-varying location. The real environment location, 

𝑥𝑒 can be expressed as. 

 𝑥𝑒 = 0.004 𝑠𝑖𝑛
2𝜋(𝑡−0.0833)

2/3
+ 0.0375 𝑚         (60) 

𝑥𝑒  is initially estimated as a flat environment where, 𝑥𝑒
′ = 0.042 m because it is assumed that 

precise information of this quantity to be unavailable priori. Two values of true environment stiffness 

are tested, which are 𝑘𝑒 = 40000N/m and 𝑘𝑒 = 10000N/m, and these values are initially estimated 

as 𝑘𝑒
′ = 50000N/m and 𝑘𝑒

′ = 20000N/m respectively. The adaptation gain for 𝑘𝑒 = 40000N/m 

have been tuned as 𝑄1
−1 = 102𝐼11, 𝑄2

−1 = 𝐼11, 𝑄3
−1 = 10𝐼11, 𝑄4

−1 = 𝐼11,  𝑄6
−1 = 1  and for 𝑘𝑒 =

10000N/m, 𝑄1
−1 = 10𝐼11, 𝑄2

−1 = 𝐼11, 𝑄3
−1 = 𝐼11, 𝑄4

−1 = 10−1𝐼11, 𝑄6
−1 = 1. The force and position 

tracking response are shown in Fig. 2 and Fig. 3 respectively. From the results, it can be seen the robot 

has successfully tracked the desired force and position under the proposed strategy. It has applied the 

required amount of force on the environment while precisely follows the required path along y-

direction, despite the time-varying uncertainties in the environment stiffness and location. 
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Fig. 2. Force-tracking response in x-direction for ke=40000 N/m and    ke=10000 N/m 

 

Fig. 3. Position tracking response in y-direction for ke=40000 N/m and ke=10000 N/m 

4.1.1. Effect of the Initial Environment Stiffness Estimate, 𝒌𝒆
′    

In the proposed approach, the designer has to select the value of the initial environment stiffness 

estimation, 𝑘𝑒
′  before the control algorithm can be implemented. In this section, the effect of 

𝑘𝑒
′   selection on the overall performance of the control strategy is investigated. The real value of 𝑘𝑒 is 

set as 40000 N/m. The proposed algorithm (8) and (10) are tested under different values of 𝑘𝑒
′ , where 

𝑘𝑒
′ = 20000 N/m, 50000 N/m, 60000 N/m, 80000 N/m, 100000 N/m and 120000 N/m. 

Fig. 4 illustrates the force response under different values of 𝑘𝑒
′ . The result demonstrates that 

good force-tracking performances can be achieved with a high variation in 𝑘𝑒
′ . The robotic finger has 

successfully applied the required force with less than 0.5 N error even if 𝑘𝑒
′  is selected lower than or 

twice higher than 𝑘𝑒. Therefore, it can be concluded that a wide range of, 𝑘𝑒
′  can be chosen to attain 

an excellent force-tracking result. This may be attributed to the effectiveness of the developed control 
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law that can adapt to the uncertainties in the environmental stiffness whilst ensuring the stability of 

the system by Lyapunov theory. However, the root mean square error (RMSE) of the force increases 

when the initial guess is farther from the actual value. Nevertheless, this value is still very low as can 

be seen in Fig. 4. The effect of the selection of 𝑥𝑒
′  and adaptation gain, 𝑄(.)

−1 on the system performance 

can be found in [23]. 

 

Fig. 4. Force-tracking response in x-direction for different values of 𝑘𝑒
′  

4.2. Unknown Time-Varying Environment Location and Stiffness 

4.2.1. Case 1: Sinusoidally Time Varying Unknown Location and Stiffness 

In this simulation test, the effectiveness of the proposed target impedance (34) in compensating 

unknown time-varying environment parameters is verified. The real but unknown values of 𝑘𝑒 and 𝑥𝑒 

have been set to be varying sinusoidally with time as the robot moves along the y-axis, where. 

 𝑘𝑒 = 25000 + 10000𝑠𝑖𝑛
2𝜋(𝑡−0.0833)

0.5
N/m,         (61) 

 𝑥𝑒 = 0.004 𝑠𝑖𝑛
2𝜋(𝑡−0.0833)

2/3
+ 0.0375 m.         (62) 

Similarly, 𝑘𝑒 and 𝑥𝑒 are assumed to be unknown precisely in advance. For simplicity, their initial 

values are estimated roughly as a constant, where 𝑘𝑒
′ = 50000N/m and 𝑥𝑒

′ = 0.042m. The robot is 

set to apply a sinusoidally varying reference force, 𝑓𝑑 on the environment surface, where. 

 

𝑓𝑑 = {

0 𝑁 0 𝑠 ≤ 𝑡 ≤ 0.08 𝑠
400(𝑡 − 0.08) 𝑁 0.08 𝑠 ≤ 𝑡 ≤ 0.13 𝑠

25 + 6 𝑠𝑖𝑛((2𝜋𝑡 − 0.08)/0.25)  𝑁 𝑡 > 0.13 𝑠
         (63) 

while tracking the desired trajectory, 𝑦𝑑 . The same control parameters as in (59) have been 

employed and 𝑄(.)
−1  have been chosen as 𝑄1

−1 = 10𝐼11, 𝑄2
−1 = 𝐼11, 𝑄3

−1 = 10𝐼11,  𝑄4
−1 = 10−1𝐼11,

𝑄6𝑣
−1 = 10−1𝐼11, 𝑄7𝑣

−1 = 𝐼11.     

The force and position responses in Fig. 5 and Fig. 6 respectively demonstrate that high force-

tracking accuracy and excellent position following result can be achieved under the proposed target 

impedance even though the accurate environment parameters are unknown. The result also shows that 
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the proposed technique is also capable of tracking not only constants but also time-varying desired 

force. In Fig. 6, the true environment location is represented by the blue line and it is assumed to be 

unknown precisely beforehand. Therefore, it is initially estimated as a constant, 𝑥𝑒
′ , which is indicated 

by the straight green line. The black line represents the reference trajectory, 𝑥𝑑. In the free space, 𝑥𝑑 

can be specified without considering the environment parameters. After the robot has become in 

contact with the environment, 𝑥𝑑 can be calculated using (5) and the exact value of  𝑘𝑒 and 𝑥𝑒 to 

produce the accurate 𝑓𝑑. From Fig. 6, it can be seen that, in the constraint-motion phase, the robot 

produces the same actual trajectory, 𝑥𝑒 as the calculated trajectory, 𝑥𝑑 in (5), which agrees with the 

force response in Fig. 5. The system is able to exert the desired amount of force while tracking the 

position precisely regardless of the environmental shape (location) and stiffness. 

 

Fig. 5. Force-tracking response in x-direction for fd in (63) 

 

Fig. 6. Position response in Cartesian space for fd in (63) 

4.2.2. Case 2: Time Varying Desired Force 

 The simulation has been repeated with the same unknown 𝑘𝑒, 𝑥𝑒 and control parameters, but 

with different 𝑓𝑑   to check the performance of the formulated controller under various time varying 

forces. The desired force has been set as. 
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 𝑓𝑑 = 25 + 12 𝑠𝑖𝑛((2𝜋𝑡 − 0.08)/0.5)  𝑁 𝑡 > 0.13 𝑠         (64) 

And 

 

𝑓𝑑 =

{
  
 

  
 

0 𝑁 0 𝑠 ≤ 𝑡 ≤ 0.08 𝑠
400(𝑡 − 0.08) 𝑁 0.08 𝑠 ≤ 𝑡 ≤ 0.1 𝑠

10 𝑁 0.1 𝑠 ≤ 𝑡 ≤ 0.2 𝑠
400(𝑡 − 0.22) 𝑁 0.2 𝑠 ≤ 𝑡 ≤ 0.22 𝑠

22.3 𝑁 0.22 𝑠 ≤ 𝑡 ≤ 0.4 𝑠
−200(𝑡 − 0.4) + 22.3 𝑁 0.4 𝑠 ≤ 𝑡 ≤ 0.42 𝑠

16.5 𝑁 𝑡 > 0.42 𝑠

         (65) 

Fig. 7 shows the force error, 𝑒𝑓 for the time-varying desired force in (64) and (65). The results 

exhibit that the error is almost zero for both cases. Therefore, the control law is effective in driving 

the system to achieve the required force although it is not constant and varies with respect to time.  

 

Fig. 7. Force error for the desired 𝑓𝑑 in (64) and (65) 

4.2.3. Case 3: Non-continuos Time Varying Unknown Environment Location and Stiffness 

In this case, the performance of the proposed control technique (34) is tested on a non-continuous 

𝑘𝑒 and 𝑥𝑒variation, where. 

 

𝑘𝑒 =

{
 
 

 
 

40000 N/m  0 𝑠 ≤ 𝑡 ≤ 0.15 𝑠
−30000𝑡 + 8500 N/m  0.15 𝑠 ≤ 𝑡 ≤ 0.25 𝑠

10000 N/m  0 .25𝑠 ≤ 𝑡 ≤ 0.35 𝑠
50000𝑡 − 16500 N/m  0.35 𝑠 ≤ 𝑡 ≤ 0.45 𝑠

60000 N/m  𝑡 ≥ 0.45 𝑠

         (66) 

 

𝑥𝑒 =

{
 
 

 
 

0.0375 𝑚  0 𝑠 ≤ 𝑡 ≤ 0.25 𝑠
−5 × 10−4𝑡 + 5 × 10−4𝑚  0.25 𝑠 ≤ 𝑡 ≤ 0.30 𝑠

0.0350 𝑚  0 .30𝑠 ≤ 𝑡 ≤ 0.35 𝑠
2 × 10−4𝑡 + 2.8 × 10−4𝑚  0.35 𝑠 ≤ 𝑡 ≤ 0.40 𝑠

0.0360 𝑚  𝑡 ≥ 0.40 𝑠

         (67) 
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And their initial guess are set as 𝑘𝑒
′ = 50000N/m, 𝑥𝑒

′ = 0.042 m. The value of 𝐾  has been 

modified to 𝐾 = 𝑑𝑖𝑎𝑔[8000,500] and the rest of the controller parameters are similar as (59). The 

adaptation gains have been selected as 𝑄1
−1 = 103𝐼11,  𝑄2

−1 = 10𝐼11,  𝑄3
−1 = 10𝐼11,  𝑄4

−1 = 102𝐼11, 
𝑄6𝑣
−1 = 102𝐼11, 𝑄7𝑣

−1 = 102𝐼11.  

From Fig. 8 and Fig. 9, it can be observed that the actual force exerted on the environment, fe has 

followed the commanded force, fd accurately. The robot has tracked the desired position precisely and 

has successfully accomplished the required task. In the contact space, it has produced the same 

trajectory as the calculated xd , which is determined based on the actual environment position and 

stiffness information. Therefore, it can be deduced that the developed control law is effective in 

compensating for the unknown time-varying environment stiffness and location. Fig. 9 also shows 

that the resulted 𝑥𝑑 in the contact space is more complicated than Case 1 due to the real shape of the 

environment in (67) and the variation in the environment stiffness in (66). 

 

Fig. 8. Force-tracking response in x-direction for Case 3 

 

Fig. 9. Position response in Cartesian Space for Case 3 
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4.2.4. Case 4: Constant Unknown Environment Location and Stiffness   

In this case, the simulation has been carried out to investigate whether the proposed controller 

(27) can provide a similar excellent performance if the robot is working under uncertain constant 

environment location and stiffness, even though the strategy is designed for uncertain time-varying 

environment parameters. The true values of  𝑘𝑒 and 𝑥𝑒 are set as constants where 𝑘𝑒 = 40000 N/m 

and 𝑥𝑒 = 0.0375m. Since this information is assumed to be unavailable a priori, they are initially 

estimated as 𝑘𝑒
′ = 50000 N/m and 𝑥𝑒

′ = 0.042 m. The same control parameters as in (59) have been 

applied and 𝑄(.)  have been adjusted to 𝑄1
−1 = 10−1𝐼11, 𝑄2

−1 = 10−1𝐼11, 𝑄3
−1 = 10−1𝐼11, 𝑄4

−1 =

10−1𝐼11, 𝑄6𝑣
−1 = 𝐼11, 𝑄7𝑣

−1 = 𝐼11.    

From the results illustrated in Fig. 10 and Fig. 11, it can be observed that the formulated approach 

has successfully overcame the unknown constant environment stiffness and shape problem, although 

it is originally derived for uncertain time-varying environment parameters. An excellent force-

tracking performance can be achieved in this case since the Fourier Series that is utilized as the FAT 

expression can also represent constant functions. 

 

Fig. 10. Force-tracking response in x-direction for Case 4 

 

Fig. 11. Position response in Cartesian space for Case 4 
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4.3. Consideration on the Approximation Error with Known Upper Bound for Unknown 

Time-Varying Environment Location and Constant Environment Stiffness 

From Fig. 12, it can be seen that the force error which is due to the approximation error in the 

Fourier Series can be decreased by employing the modified target impedance (26), where 𝛿𝑟𝑜𝑏𝑢𝑠𝑡3 =
50. The chattering effect in the 𝑠𝑔𝑛( 𝑒𝑓) function in (27) has been reduced by replacing it with the 

well-known continuous function, 
𝑒𝑓

𝛿𝑒𝑓+|𝑒𝑓|
, where 𝛿𝑒𝑓 has been set as 0.04. 

4.4. Consideration on the Approximation Error with Known Upper Bound for Unknown 

Time-Varying Environment Location and Stiffness 

 Fig. 13 shows the force response in x-direction under the modified target impedance (46), with 

an insufficient numbers of basis functions. The value of 𝛿𝑟𝑜𝑏𝑢𝑠𝑡4  is set to be 3 × 107 and the value 

of 𝛿𝑒𝑓 is tuned to be 0.01. The figure demonstrates an accurate result can still be obtained by 

implementing the modified target impedance in (46) even though the number of basis function is low.  

 

Fig. 12. Force response in x-direction using target impedance (26) and continuous function 
𝑒𝑓

𝛿𝑒𝑓+|𝑒𝑓|
 

4.5. Discussion 

The simulation results show that the controller is effective in providing an accurate force tracking 

in the event of uncertain time-varying environment stiffness and location (geometrical shape). The 

simulations tests have been conducted on various environment surfaces and stiffness, for achieving 

constant and time-varying reference forces. The effect of the initial environment stiffness estimate, 𝑘𝑒
′   

has also been studied where a high variation in 𝑘𝑒
′  can be used as the initial guess without 

compromising the output performance. The results also illustrate that a precise tracking outcome can 

still be attained by implementing the modified target impedances (26) and (46) even though the 

number of basis function is low, and the approximation error cannot be neglected. In the proposed 

control law, the derivative of the force feedback signal that is usually noisy is not required and the 

switching of the stiffness gain in the target impedance that may lead to instablility is unnecessary. 

However, this study is limited to simulation tests only. The practicality and realiability of the system 

under real world need to verified though hardware experimental tests to ensure the efficacy of the 
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proposed approach in comparison to existing methods. The propose control algorithm also may 

involve a high computational time that may compromise its performance in the real time application 

since its implementation involve a lot of mathematical calculations. The alterrnatives to reduce its 

computational time and effort such as the utilization of a more efficient basis function in the FAT 

expression may be explored.  In this study, it is also assumed that the dynamic model and parameters 

of the robotic finger are known. Even though there are many existing studies on overcoming the 

uncertain robot dynamics and external distubances using FAT, it would be valuable to study the 

effectiveness of the proposed controller in compensating the combination of time-dependent 

unknowns in the plant dynamics, external disturbances and noise, environment stiffness and 

environment location. 

 

Fig. 13. Force response in x-direction using target impedance (46) with the consideration on the 

approximation error, 𝜀(  ) under known upper bound 

5. Conclusion 

A FAT-based adaptive impedance control strategy has been developed for uncertain non-constant 

environment parameters and applied on a robotic finger. The formulation of the controller with the 

consideration on the approximation error with known upper bound has also been presented in this 

paper. The simulation results under various environment stiffness and locations have validated the 

effectiveness of the proposed controller in driving the robot to achieve excellent force and position 

tracking performances under limited information of the environment parameters. The stability of the 

controller has been guaranteed by Lyapunov stability theory. The control law does not require the 

derivative of the measured force feedback signal and the switching of the stiffness gain in as the finger 

travels from noncontact to contact spaces . These features contribute to the practicality and robustness 

of the proposed control law since it avoids the use of the force signal’s derivative that contains high 

noise and avoids instability that may result from the switching of the stiffness gain. The  proposed 

controller also enables the system to track time-varying desired forces precisely instead of limiting the 

force tracking capability to constant forces only.  This capability can enhance the robot's adaptability 

and versatility in dynamic environments. Future works involve investigating the performance, 

practicality and reliability of the proposed controller in the real world imlpementation by conducting 

the hardware experimental tests.  The alternatives to reduce its computational time and effort, such as 
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the applicaton of a simpler basis function to reduce its computational effort in ensuring its performance 

in the real-time operation need to be further studied. The utlization of the proposed controller in 

compensating the combination of time-dependent unknowns in the plant dynamics, external 

disturbances, environment stiffness and environment location simultaneously may also be explored in 

the future work. Further research on the adoption or combination of the proposed control law with 

other robust control techniques in other scenarios or robotic systems also may also be conducted to 

solve for different types of uncertainties or variations in the system. 
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